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Wc study the following quasilincar partial differential equation with two sub-differential 
operators: 



Abstract 



— (s, x) + (Cu)(s, x, u(s, x), {Vu(s, x))*<j(s, x, u(s, x))) 

+/(s, x, u(s, x), (V«(s, x))*cr(s, x, w(s, x))) € dip(u(s, x)) + (dip(x), Vm(s, x)}, 

(s,x) 6 [0,T] x Dom^, 
u{T,x)~g{x), x S Domip, 

en '. 

where for u E C 1:2 ([0,T] x Domtp) and (s,x,y,z) G [0,T] x Domip x Doirup ^ 

(N 

1 n <9 2 u " du 

(Cu)(s,x,y,z) :=-^ (<T<r*)ij(s,x,y) (s,x) + '^ / bi(s,x,y,z) — (s,x). 

ij—l % 3 i—\ 

X- 

^h . The operator <9?/> (resp. <9</?) is the sub-differential of the convex lower semicontinuous 

function i[> : R" — > (— oo, +oo] (resp. </? : K — > (— oo, +cx)]). 

We define the viscosity solution for such kind of partial differential equations and 
prove the uniqueness of the viscosity solutions when a does not depend on y. To prove 
the existence of a viscosity solution, a stochastic representation formula of Feymann-Kac 
type will be developed. For this end, we investigate a fully coupled forward-backward 
stochastic variational inequality. 
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1 Introduction 

Crandall and Lions introduced the notion of viscosity solution in [8] , and in the later work of 
Crandall, Ishii and Lions [7], they gave a systematically investigation of the viscosity solution 
for second order partial differential equations (PDEs), which provides a powerful tool to 
study PDEs and related problems. Pardoux and Peng were the first to give a stochastic 
interpretation for the viscosity solutions of semilinear PDEs (see [18] and [22]) via their 
original work on nonlinear backward stochastic differential equations (BSDEs), [T7]. This 
relation between BSDEs and PDEs was investigated by different authors. Let us emphasize 
that Pardoux and Tang [21] studied the link between the solution of fully coupled forward- 
backward stochastic differential equations (FBSDEs) and the associated quasilinear parabolic 
PDEs. El Karoui, Kapoudjian, Pardoux, Peng and Quenez [11] studied reflected BSDEs in 
one dimensional and by combing it with a forward stochastic differential equation (SDE), they 
gave a probabilistic interpretation to the viscosity solution of the related obstacle problem 
for a parabolic PDE. As a generalisation, Cvitanic and Ma [9] studied reflected FBSDEs 
and used them to give a probabilistic interpretation for the viscosity solution of quasilinear 
variational inequalities with a Neumann boundary condition. 

On the other hand, related with multi-dimensional reflected SDEs and BSDEs, stochastic 
variational inequalities (SVIs) were considered by Bensoussan and Rascanu in [21 [6], Asimi- 
noaei and Ra§canu [2] (For more details, the reader is referred to [20]); BSDEs with subdiffer- 
ential operators (which are called backward stochastic variational inequalities, BSVIs) were 
studied by Pardoux and Ra§canu [19]. Moreover, the authors of [19] obtained a generalized 
Feymann-Kac type formula, which gives a probabilistic interpretation for the viscosity solu- 
tion of parabolic variational inequalities (PVIs). Maticiuc, Pardoux, Ra§canu and Zalinescu 
[13] extended such PVIs to systems of PVIs. In our paper, motivated by [19] and [26], we 
consider the following type of PVI 

du 

— (s,x) + (Cu)(s,x,u(s,x), (S/u(s,x))*a(s,x,u(s,x))) 

OS 

+/(s, x, u(s, x), (Vm(s, x))*a(s, x, u(s, x))) € d(p(u(s, x)) + (dtp(x), Vu(s, x)}, 

(s,x) G [0,T] x Domip, 
u(T, x) = g(x), x € Domip. 

This type of PVI is new since it is driven by two subdifferential operators, one operating 
over the state and the other operating in the domain and perturbing the direction of the 
gradient. We define the viscosity solution of such kind of PVIs and prove the uniqueness of 
the viscosity solutions when a does not depend on y. Indeed, by extending and adapting 
the approaches of Barles, Buckdahn and Pardoux pQ and Cvitanic and Ma [9], we prove the 
uniqueness of the viscosity solutions in the class of Lipschitz continuous functions. To prove 
the existence of a viscosity solution, a stochastic representation formula of Feymann-Kac type 
will be developed. For this end, we investigate the following general fully coupled FBSDEs 
with subdifferential operators in both the forward and the backward equations, 

" dX t + d^(X t )dt 3 b(t, X t ,Y t , Z t )dt + a(t, X U Y U Z t )dB u 
-dY t + d<p(Y t )dt3f(t,X t ,Y u Z t )dt-Z t dB u t£[0,T], 

X = x, Y T =g{X T ). 



We call this kind equations forward-backward stochastic variational inequalities (FBSVIs). 
Notice that this type of inequalities includes, as a special case, coupled systems composed of 
a forward and a backward equation, both reflected at the boundary of a closed convex set. 
Such kind of FBSVIs are worthy of investigation themselves. 

As concerns the fully coupled forward-backward stochastic differential equations (FBS- 
DEs), a generalization of non-coupled forward-backward systems studied by Pardoux and 
Peng in [18] and [22], using the contraction mapping method, Antonelli pQ was the first to 
prove the existence and the uniqueness for such equations on a small time interval. To show 
the solvability of FBSDEs on arbitrary time interval, Ma, Protter and Yong [14] introduced 
the so-called Four-Step-Scheme, which was inspired by the pioneering work of Ma and Yong 
[16] . In their approach, the study of FBSDE reduces to the problem of a certain parabolic 
PDE. However, for this approach one needs that the coefficients are deterministic and the 
diffusion coefficient has to be non-degenerate. Based on this approach, Delarue got more 
general results in [10] . Without the above conditions, but with a monotonicity assumption, 
Hu and Peng [12] used the continuation method to prove that the FBSDE has a unique 
adapted solution. Peng and Wu [23] extended [12] to the multidimensional case, while Yong 
[25] weakened the monotonicity assumptions. On the other hand, Pardoux and Tang [21] 
obtained the solvability of the FBSDE under some natural monotonicity conditions differ- 
ent from those in |12j and [25] . by using the contraction mapping method. Moreover, they 
studied the connection between the solution of FBSDEs and associated quasilinear parabolic 
PDEs. Recently, Zhang [27] introduced a new approach and new general conditions to get 
the wellposedness of FBSDEs via the induction method and Ma, Wu, Zhang, Zhang [15] 
found a unified scheme to show the wellposedness of the FBSDEs in a general non-Markovian 
framework. In the spirit of Pardoux and Tang [21], Cvitanic and Ma [9] studied reflected 
FBSDEs and used them to give a probabilistic interpretation for the viscosity solution of 
quasilinear variational inequalities with a Neumann boundary condition. 

In our paper, we will prove the existence and the uniqueness for FBSVIs, i.e., for coupled 
systems composed of a forward SVI and a BSVI. Unlike [9], our FBSVI is more general. 
Indeed, our FBSVIs cover the case of reflected FBSDEs, where the reflection of the forward 
as well as the backward equation takes place at the border of closed convex sets. In addition, 
the backward equation in our case can be multidimensional. Compared with [19], our FBSVI 
is fully coupled and the forward equation also includes a subdifferential operator, which 
induce some difficulties. Indeed, we study the penalized FBSDE using Yosida approximation 
for lower semicontinuous (l.s.c.) functions to approach our FBSVI. L p -estimates for the 
solution of the penalized FBSDE on the whole interval are necessary (see the proof of our 
Proposition 1211 and I22p . However, the method in Cvitanic and Ma [9] can only give L 2 - 
estimates. Consequently, we should adapt the induction method introduced by Delarue in 
[10] to obtain the L p -estimates in our framework (see Proposition I20p . 

Moreover, we will prove that the function u defined through the solution of our FBSVI 
(see (I60p ) is a viscosity solution of our new kind of quasilinear PVI. But because of the 
existence of the subdifferential operators, the continuity of u is not obvious at all. Therefore, 
we give a detailed proof in Proposition [241 For this, we separate the proof into two steps: 
To prove that u is right continuous w.r.t. t and continuous w.r.t. x in step 1, as well as left 
continuous w.r.t. t and continuous w.r.t. x in step 2. 

The paper is organized as follows: In Section 2 we formulate the problem and we give the 



definition of the viscosity solution of our new kind of PVIs. Section 3 is devoted to prove the 
uniqueness of the viscosity solutions of PVIs. In order to show the existence of the viscosity 
solution, in Section 4, we study general FBSVIs. More precisely, we obtain the existence and 
uniqueness of the solutions of FBSVIs. To do this, in subsection 4.1, we give the assumptions. 
In subsection 4.2, we introduce the penalized FBSDEs which are got by Yosida approximation 
for the subdifferential operators of the FBSVIs. Moreover, a priori estimates are established. 
Subsection 4.3 is devoted to the uniform L p -estimates of the penalized FBSDEs. For this, 
we establish first the L p -estimates on a small time interval and then we extend them to the 
whole interval by adapting the method developed by Delarue [10]. In subsection 4.4, based 
on the classical estimates for solving forward SVIs and BSVIs (see Proposition [2T1 and [22|h 
we prove the existence and the uniqueness of the solution of FBSVIs. In Section 5, we prove 
that the function u defined as in (|60p is the viscosity solution of such PVI. Finally, in the 
appendix, we provide a priori estimates for the penalized FBSDEs and some auxiliary results. 

2 Formulation of the problem 

We consider the following quasilinear PVI: 

du 

— (s,x) + (Cu)(s, x,u(s,x), CVu(s,x))*a(s,x,u(s,x))) 

as 

+/(s, x, u(s, x), (Vu(s, x))*a(s, x, u(s, x))) G dtp(u(s, x)) + (dip(x), Vu(s, x)), /-. \ 

(s,x) G [0,T] x Domip, 
u(T,x) = g(x), x G Domip, 

where the operator C is defined by 

i n Pft n Ft 

{Cv){s,x,y,z) := - ^ (aa*) itj (s,x,y) — — (s,x) + ^ j b i (s,x,y,z) — (s,x). 

fori; G C 1 ' 2 ([0,T]xR n ). The functions b : [0,T]xK n xKxR lxd ^8 n ,a: [0,T]xIR n xM^ 
R nxd , /:[0,T]xR"xix R lxd ->■ R and g : W 1 ->■ R are jointly continuous. The operator 
dip (resp. dip) is the subdifferential of function ip (resp. ip) which satisfies: 

(H[) The function ip : R n — > (— oo, +co] is convex l.s.c. with G Int(Domip) and ip(z) > 
ip(0) = 0, for all z G R n . 

{H' 2 ) The function (p : R — > (— oo,+oo] is convex l.s.c. such that <p(y) > <p(0) = for all 
y GR. 

We put 

Bom ip = {u G R n : ip(u) < oo}, 

dip(u) = {u* G R n : («*, v - u) + ip{u) < <p(v), v G R n }, 

Dom(dip) = {u G R n : dip(u) / 0}, 

and we write (u,u*) G dip if u G Dom(dip) and u* G dip{u). Here (•,•) denotes the scalar 
product in R n . 



We also mention that the multivalued subdifferential operator dip is a monotone operator, 
i.e. (u* — v*,u — v) > 0, for all (u,u*), (v,v*) G dip. 

Now we give the definition of a viscosity solution of PVI ([T]) in the language of sub- and 
super-jets: 

Definition 1 Let u G C([0, T] x Dormp) satisfies u(T,x) = g(x), x G Dormp. The function 
u is called a viscosity subsolution (resp. supers olution) of PVI |2P, if for all (t,x) G [0, T] x 
Dormp, u(t,x) G Dormp and for any (p,q,X) G V 2 ' + u(t,x)* (resp. (p,q,X) G V 2 ~u{t,x)), 



-p — \Tr{aa*(t, x, u(t, x))X) — (b(t, x, u(t, x),q*a(t, x, u(t, x))),q) 
— f(t,x,u(t,x),q*a(t,x,u(t,x))) < —ip'_(u(t,x)) - dtp*(x,q) 



(2) 



(resp. 



(3) 



— p — ^Tr(o~a*(t, x, u(t, x))X) — (b(t, x, u(t, x),q*a(t, x, u(t, x))),q) 
-f(t, x, u(t, x), q*a(t, x, u(t, x))) > -<p' + (u(t, x)) - dip*(x, q)). 
Here <fL(y) (resp. (p' + (y)) denotes the left (resp. right) derivative of <p at point y, and 

dip*(x,q) := liminf (x*,q'), (x,q) G Dormp x R , 

{x',q>)->{x,q), x*e&il>(x r ) 

and dip*(x,q) := —dip*(x, —q) (for dip* and dip* , see also f2hlj). 

The function u is called a viscosity solution of PVI (QP if it is both a viscosity sub- and 
super-solution. 

Remark 2 Using the definition of dip* (x,q), and the fact that y i-> ip'_(y) is left continuous in 
Int(Dorrnp)(c R) and increasing in Dormp, we see that p|) is not only satisfied for (p,q,X) G 
V 2 ' + u(t,x), but also for all (p,q,X) G V ' u(t,x). Similarly, f3j) holds also for (p,q,X) G 
V 2 '~u(t,x). 

We shall also use the following equivalent definition of a viscosity solution. 

Definition 3 Let u G C([0, T] x Dormp) satisfies u(T,x) = g(x),x G Dormp. The function 
u is called a viscosity subsolution (resp. supersolution) of PVI f7]j, if for all (t,x) G [0, T) x 
Dormp, u(t,x) G Dom{ip), and if whenever <3? G C 1,2 ([0, T] x Dormp) and (t,x) G [0, T) x 
Dormp is a local maximum (resp. minimum) point of u — $, we have 

— (£, x) + (Cu){t, x, u{t, x), (V$(t, x))*a(t, x, u(t, x))) 

OS 

+f{t, x, u(t, x), (V$(i, x))*a(t, x, u(t, x))) > ip'_(u(t, x)) + dip*(x, V$(i, x)) 



*Let u 6 C([0,T] X Dormp) and (t,x) G [0,T] X Dormp. Denote by V 2 ' + u(t,x) the set of triples (j>,q,X) S 
M. X K n X S(n) (S(n) denotes the set of all n X n symmetric nonnegative matrices), such that 

«(*,!/) < u(t,x)+p(s-t) + (q,y-x) + ~{X(y - x), y - x) + o(\s - t\ + \y~x\ 2 ), (s,y) -> (t,as) 

we call 'P 2 '+u(t, x) the parabolic super-jet of u at (£, x). Similarly, we define the parabolic sub-jet of u at (£, x), denoted 
by V 2 '~u(t, x) as the set of triples (p, q, X) e R X R" X S(n) such that 

u(s,y) > u(t,x) + p{s -t) + (q,y-x)+ -(X(y - x),y - x) + o(\s -t\ + \y-x\ 2 ), (s,y) -¥ (t,x). 



(resp. 

— (t, x) + (£u)(t, x, u{t, x), (V$(t, x))*a{t, x, u{t, x))) 

OS 

+f(t, x, u(t, x), (V$(i, x))*a(t, x, u(t, x))) < <^ + (u(t, x)) + dip*(x, V$(t, x))). 

Finally, the function u is called a viscosity solution of PVI |7p if it is both a viscosity sub- 
and super-solution. 

3 Uniqueness of viscosity solutions of PVIs 

In this section, we prove the uniqueness of the viscosity solution of PVI ([1]) by extending and 
adapting the approaches of Barles, Buckdahn and Pardoux [3] and Cvitanic and Ma [9]. 

Theorem 4 We assume that Dormp is locally compact, b, a, /, g are all jointly continuous. 
Moreover, suppose that b,f are Lipschitz continuous w.r.t. (x,y,z) and cr(t,x,y) does not 
depend on y as well as Lipschitz continuous w.r.t. x. Then under the assumptions of (H[) 
and {H' 2 ), PVI (QP has at most one viscosity solution in the class of functions which are 
Lipschitz continuous in x uniformly w.r.t. t and continuous in t. 

Remark 5 We mention that it is sufficient to show that if u is a subsolution and v is a su- 
persolution such that u(T,x) = g(x) = v(T,x), x € Domip and u,v are Lipschitz continuous 
in x uniformly w.r.t. t and continuous in t, then u < v for all (t,x) £ [0, T] x Dormp. 

Since u and v are continuous, we only need to show that u < v for all (t, x) € (0, T) x 
Int(DomiJj). Let us define for each r > a subset of Domip 

(Dormp) r := {x S Dormp d(x,dDormp) > r}, 

where d(x,dDomip) = inf \x — x'\. Let us choose r$ > such that {Domip) rQ ^ for 

x'£dDomtp 

all < r < rQ. Then it suffices to show that for every < r < r^, we have u < v on 
(t,x) G (0,T) x (Dormp) r . 

Before proving the Theorem HI we recall the following lemma: 



Lemma 6 (Lemma 2.3 [26]) Let us denote by Dormp the closure of Dormp. We have 
dip*(x,q) = inf a .* e g^( a .)(a;*,g), for (x,q) G Int(Dormp) x R n or for (x,q) G d(Dormp) x E n 
with inf ne7V _ — -t x )(n,q) > 0. Here 

N Dmn A x) := \x* G M. n |x*| 2 = 1, (x*,z — x) < 0, for all z G DomipV . 

In addition, we need the following lemma generalizing Lemma 7.2 [9]. 

Lemma 7 Suppose that the assumptions of Theorem [|] are satisfied and u is a subsolution 
and v is a supersolution of (QP such that u(T,x) = g(x) = v(T,x), x G Dormp. Moreover, 
we assume that u,v are Lipschitz continuous in x, uniformly w.r.t. t, and continuous in t. 



Then for all < r < tq, the function u := u — v is a viscosity subsolution of the following 
equation: 

{min{uj,F UtV (t,x,uj,ujt,Duo,D 2 uj) + dip*(x,Du)} = 0, (t, x) G [0,T) x {Domij)) r , 

u(T,x) = 0, x G (Domip) r , 

(4) 
where 

F u>v (t,x,r,p,q,X) := -p--Tr{aa*{t,x)X}-(b{t,x,u{t,x),0),q)-K[\r\ + \q\-\a(t,x)\]. (5) 

Here K > is a constant depending only on the Lipschitz constants of the function b, f,u,v. 

Proof. Fix r G (0, r ) and (t , x ) G [0, T) x (Domip) r . Let $ G C 1>2 ([0, T] x DomV>) be such 
that (to,xo) is a maximal point of cj — <!> and ^(ioi^o) = &(to,xo). We assume w.l.o.g. that 
(to,xo) is a strict, global maximum point of uj — $. Moreover, the Lipschitz property of u 
and v allows to assume that D& is uniformly bounded: \D&\ < K UjV . We are going to prove 
that 

min{u(t , x ),F UjV (t , x ,oj, $ t , D$, D 2 <S>) + 5^(x , 1?$)} < 0. (6) 

Now for arbitrarily given a > 0, we define 

®a(t,x,y) :=u(t,x) -v(t,y) - -\x - y\ 2 -$(i,x). 

We choose i? > sufficiently large such that (£0,^0) £ (Domip) r> R, where (Domip) ri R := 
{x G (-Dorm/>) r ||a;| < it!}. Then there exists (t a ,x a ,y a ) G [0,T] x (Domif}) 2 R such that 
*<*(*<*, z Q ,y Q ) =max [0i T] x(flom ^2^ Q (t,x,i/). 
From Proposition 3.7 [7] we have 

J (i) (t a ,x a ,y a )->(to,xo,xo), as q -> oo; 

(m) a|x„ — y a | 2 is bounded and tends to zero, as a — > oo. 
Moreover, from ui{t a ,x a ) — $(t a ,x a ) < ui(to,xo) — $(to,^o) = we have 
= a; (t , x ) - $(£ , x ) = * a (*o, ^0, ^o) < ^a(*a, x a ,y a ) 

H\t — 

2 l^ct £/a| 



w(t a ,x a ) -l(i a ,j; a ) +v(i a ,x a ) -v(t a ,y a ) - %\x a - y a l2 



<v(t a ,x a )-v(t a ,y a )-%\x a -y t i: 



2 1*^0 i/ct | j 
^fta,a:a)-t;(ta,ya) 



2?a £/o 



< 2i^ , where X^ is the Lipschitz 



from where we deduce that a\x a — y a \ < 2 
constant of v w.r.t. x. 

We can assume that u(to,xo) > v(to,Xo)', if not, © holds obviously. Thus, from the 
continuity of u and v, it follows that, for some a$ > 0, we have u(t a ,x a ) > v(t a ,y a ) for 
a > «o- 

Let a > ao- From Theorem 8.3 [7], we obtain that, for any 5 > 0, there exists (X , Y ) G 
S(n) x 5(n) and c 5 G M n such that 

(c s + -^-(t Q ,x Q ,),a(2; Q , -ye,) + D$(x a , y a ),X s ) G P 2 ' + u(t Q ,x Q ); 
(c s ,a(x a -y a ),Y 5 ) eP 2 '-v{t a ,y a ) 



and 

-Y 



D 2 Q(t a ,x a ) + a —a 
where A — 



s | <A + 6A Z , 



—a a 

From Definition [T] and Remark [2] it follows that 

c 5 + -jfi(t a ,x a ) + ±Tr{aa*(t a ,x a )X s ) 

+ (b(t a , x a , u(t a ,x a ), [a(x a - y a ) + D$(t a , x a )]*a(t a ,x a )),a(x a - y a ) + D$(t a , x a )) 
+f(t a , x a ,u(t a ,x a ), [a(x a - y a ) + D$(t a , x a )]*a(t a ,x a )) 
> ip'_(u(t a ,x a )) + dip*(x a , a(x a -y a ) + D$(t a ,x a )), 

and 

c 8 + ±Tr(aa*(t a ,y a )Y 5 ) + (b(t a ,y a ,v(t a ,y a ),[a(x a - y a )]*a(t a ,y a )),a(x a - y a )) 
+f(t a ,y a ,v(t a ,y a ),[a(x a -y a )]*cr(t a ,y a )) < (f' + (v(t a ,y a )) + di/)*(y a ,a(x a -y a )). 

Then we have 

P+(v(t a ,y a )) -ifL(u(t a ,x a )) 

+dip*(y a ,a(x a -y a )) - dtp*(x a ,a(x a - y a ) +D$(t a ,x a )) > -^(t a ,x a ) 

- {lTr(aa*(t a ,x a )X 5 ) - \Tr{aa*(t a ,y a )Y s )} (=: -if) 

- {{b(t a ,x a ,u(t a ,x a ), [a{x a -y a ) + D$(t a ,x a )]*a(t a ,x a )),a(x a - y a ) + D$(t a ,x a )) 

-b(t a ,y a ,v(t a ,y a ),[a(x a - y a )]*cr(t a ,y a )),a(x a - y a ))\ (=: -if) 

- \f(t a , x a ,u(t a ,x a ), [a(x a - y a ) + D®(t a ,x a )]*a(t a ,x a )) 

-f(t a ,y a ,v(t a ,y a ),[a(x a - y a )]*cr(t a ,y a ))\ (=: -if) 

We observe that the same argument as in Lemma 7.2 [9] yields 

lim \im(lf + lf + lf) 

< lTr{aa*(t , x )D 2 <S>(t ,x )) + (b(t ,x ,u(t ,xo),0),D<S>{t ,x )) (8) 

+K{\u(t ,x ) - v(t ,y )\ + \D$(to,x )\ ■ \a(t ,x )\} . 

Let us calculate now the left-hand side of ([7]). Since u(t a ,x a ) > v(t a ,y a ), we have 

ip' + (v(t a ,y a )) -<p'-(u(t a ,x a )) < 0. (9) 



(7) 



(10) 



Morover, since ip is convex, x a ,y a € Int(Domtp) and (y*,a(x a — y a )) — (x*, a(x a — y a )) < 0, 
for x* £ dt/)(x a ), y* G dtp(y a ). By using Lemma [6l it follows that 

dip*{y a ,a{x a -y a )) - dt(>*(x a , a(x a - y a ) + D$(t a ,x a )) 

= sup y , ed ^ {ya) (y* , a(x a -y a )) - mt x » edip{xci) (x*,a(x a - y a ) + D<$>(t a ,x a )) 

< sup y , €di , {ya) (y*,a(x a - y a )) - \xd x * ed ^ Xa) (x* ,a{x a - y a )) 

- ™fx*edi>(x a ){x*, D ${t a ,x a )) 

< -mf x * ed ^ Xa )(x*,D®(t a ,x a )) 
= -dip*(x a ,D®(t a ,x a )). 

Finally, letting 5 — > and after letting a — > oo in ([7)), by considering ([5|)- (|1U|) . we obtain 

—Qjr(to,x ) - ±Tr(<ja*(t ,x )D 2 $(t ,xo)) - (b(t ,x ,u(to,x ),Q),D$>(t ,x )) 
-k{\u(t ,x ) -v(t ,y )\ + \D$(t ,x )\ ■ \a(t ,x )\} < -d^{x ,D^(t ,x )). 
Therefore, from ([5]), 

F UtV (t , xq, u, -QT, D$, D 2 <&) + dM*o, D$) < 0, 
evaluated at (to,Xo). 

Using the approach in Lemma 3.8 |3], we construct a suitable supersolution for §£§. 
Lemma 8 For any A > 0, there exists C > such that the function 

X (t, x) = exp { [C(T -t)+ A] V {x)} , 

with 



n(x) = {log [(|x| 2 + 1) 1/2 ] + l} 



satisfies 



dx 



min{x(t,x),F uv (t,x,x,^,Dx,D 2 x) + d'ip ie (x,Dx)} > 0, in [h,T] x (Domtjj) r , 

at 

where ti = (T-A/C) + . 

Proof. A straightforward computation yields 



D x (t, x) = \C(T -t) + A X (t, x)Di 1 (x) = C(T-t) + A x (t, x) ^ 



Av(*)] 1/2 



x. 



\D X (t,x)\ <a$$fa X (t,x), \D 2 x (t,x)\ < 16(I 2 + A) T ^ T] x(t,x). 
Since x E (Domip) r C Int(Dormp) and (x*,x) > for x* € dip(x), it follows that 

dt/>.(x,D X )= mf (x*,D X (t,x))= C(T-t) + A X (t,x) \'\ \ 2 inf (x*,x)>0. 

x*£dip(x) L J 1 + \x\ z x*&dip{x) 



Since b, a grow at most linearly at infinity and u is Lipschitz in x, uniformly w.r.t. t, we 
have, evaluating at (t,x), 

F UtV {t, x, x, ^, D X , D 2 x) + dMx, D X ) > F U)W (t, x, X , |p D X , D 2 X ) 



m 2 ' 



{Tr{<jo*{t, x)D 2 X } ~ (b(t, x, u(t, x),0),D X ) - K[\ X \ + \D X \ ■ \a(t, x) 
> X (t, x) Crj(x) - 16(i 2 + A)Crj{x) - AAC[r}{x)] l l 2 -K- AAKC^x)} 1 / 2 ] , 



where C is a constant independent of C. Since r](x) > 1, we can choose C large enough such 
that the quantity in the brackets is strictly positive. Consequently, taking into account that 
x(t,x) > 0, we can conclude: 

min{x(t, x),F UjV (t, x, x, ~k~, D X , D 2 x) + &ip*(x, Dx)} > 0, in [t 1} T] x (Domtp) r . 

m 
Proof of Theorem [4l We only need to show that w < on [0, T] x (Domip) r for any 
r E (0, ro]. Now let us choose A and C as in Lemma Recalling that uj = u — v is Lipschitz 
in x, uniformly w.r.t. t, we remark that 



lim \u(t,x)\exp\-A log ( (\x\ 2 + l^ 1 / 

|x|— >oo 



0. 



uniformly w.r.t. t € [0,T]. This implies that, for all e > 0, [u(t,x) — ex(t,x)]e ' l ' is 
bounded from above in [ti,T] x (Dormjj) r , with K as in ([5]). Now we define 

Ml := max Mt.x) - ex(t,x)} e~ K( - T ~ t \ 

[ti,T]x(Domil>) T 

and we suppose that the maximum MJ is achieved at some point (to,xo). We claim that 
MJ < for all r, e > 0. This holds obviously true if to = T. Indeed, MJ = — sx(T, x) < 0. 
Thus, we can assume that to £ [0>^")- Now we suppose that MJ > for some r, e > 0, we 
will construct a contradiction. In fact, if we define 

$(i,x) := e X (t,x) +M; e *( T -*) = e X (t,s) + [u(t ,x ) - e X (t ,x )}e- R ^ tQ \ 

we have $ G C 1,2 ([0,T] x (Dormp) r ), <3?(t ,x ) = w(t ,x ) and u(t,x) - ®(t,x) < 0, for all 
(t,x) G [0,T] x (Domip) r . From MJ > 0, we have uj(to,xo) > ex(toi x o) > 0. Then, from 
Lemma [7] it follows that 

F Uj „(t , xo, *, ^J, £>$, £ 2 $) + 5V*(x , ,0$) < 0. 
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Moreover, since, at (to,xo), 

0>F u , v (t Q ,x ,$,—,D$,D 2 <f>) + d^(x ,D$) 
at 

= —qj: ~ \Tr{<j(T*{t , x )D 2 <S>} - (b(to,x ,u(t , x ), 0), D<S>) 

-K[\<S>\ + \D<5>\-\a(t ,x )\] + dMxo,D<S>) 

-K[e\ X \ + Mle^-t) + e\D x \ ■ \a(t , x )\] + e^(x , D x ) 

F UtV (t , x , x, -wr, Dx, D 2 x) + dip*(x , Dx) 
at 



- e * + KMleKV-V - e±Tr{aa*(t Q , x )D 2 X } - e{b(t , x , u(£ , x ),0),D X ) 



we have 



F U)V (t ,x ,x,-K^,Dx,D 2 x) + d^(x ,Dx) < 0, 



which contradicts Lemma[HJ Therefore, MJ < which implies that u;(t,x) < £%(£, x), for all 
(t, x) G [h,T] x (Dormp) r . Letting e — >■ 0, we get u(t, x) < for all (£, x) € [£i, T] x (Domijj) r . 
Applying successively the similar argument on the interval [£2,£i], if necessary, where £2 = 
(t\ — A/C) + , and then if £2 > 0, on [£3, £2]) where £3 = (£2 — A/C) + , etc., we obtain, finally, 

co(t,x) < 0, for all (t,x) G [0,T] x (Domip) r , r G (0,r ]. 



4 FBSVIs 

In this section, in order to prepare our existence result for PVI (PQ), we study one general kind 
of FBSVIs in order to give a probabilistic interpretation for the viscosity solution of PVI (H|). 

Let (fi, J-, P) be a complete probability space and endowed with an R -valued standard 
Brownian motion {Bt}t>o- We denote by {J-t}t>o the filtration generated by the Brownian 
motion B and augmented by the class of P-null sets of T . 

We consider the following FBSVI: 



' dX t + d^{X t )dt 3 b(t, X t ,Y t , Z t )dt + a(t, X t ,Y t , Z t )dB t , 

-dY t + d<p(Y t )dt 3 /(£, X t , Y u Z t )dt - Z t dB u t G [0, T], 
^ X = x, Y T = g(X T ), 



(11) 



where the processes X, Y, Z take values in R n ,R m and R mxd , respectively, and the functions 
b, a, f and g satisfy standard assumptions which we will give later. The operator dip (resp. 
d(p) is the subdifferential of the convex l.s.c. function tp : R n — > (—00, +00] (resp. (p : R m — > 
(-00, +00]). 

Let us introduce some spaces of processes, which will be needed in what follows. 
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Let t S [0,T], k > 1. We define By([t,T];R fc ) as the space of the functions u : [t,T] -> M fc 
with finite total variation on [t,T], denoted by £ u t[t,T]- Moreover we endow this space with 
the norm 

IMIw([i,T];Rfc) = \u(t)\+Xut[t,T] ■ 

We also introduce the space L 1 (i7; BV([t,T];M. k )) of the stochastic processes u : x [t, T] — > 
R k such that 

^'ll w llsV([t ) r|;M fc ) < °°. 

The space M^[t,T], p > 2, denotes the Hilbert space of R fc -valued { F s }-progressively mea- 
surable processes {u(s), s G [t,r]} such that 

( (f \^ 2 \ 1/P 

\\u\\MP[t,T] ■= I E ( / \u(s)\ 2 dsj J < oo. 

When p = 2, we set || • ||Af[tT] := II ■ IU/p[tT]- For A G I, we define an equivalent norm on 
M 2 k [t,T]: 

T \ 1/2 



\ Mx{m := [E J e- Xs \u(s)\ 2 ds 



Moreover, let H[t,T] be the subset of M 2 [t,T] consisting of all the continuous processes. For 
j3 > and A € R, we denote its completion under the norm 

IMU,/3,[i,T] := e~ XT E\u{T)\ 2 + (3\\u\\ Mx[t)T] 

by H[t,T]. The notation H[t,T] takes into account that the completion of H[t,T] under the 
norm || • ||A,/3,[t,T] does not depend on A and j3. 

Let S 2 [t, T] be the set of all continuous { F s }-progressively measurable processes {u(s), s £ 
[t,T]} which values in M. such that 

( v /2 

Ihll s[t,T] : = E sup \u(s)\ 2 < oo. 

V t<s<T J 

We also introduce an equivalent norm on 5|[i, T]: 

||«||s A [t,r| == \E sup e- Xs \u(s)\ 2 ) . 

\ t<s<T J 

In what follows, if t = 0, we simplify the notations by writing, for example: M| := 
Mf[0,T], H:=H[0,T}. 

Let us give the following definition. 
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Definition 9 A quintuple (X, Y, Z, V, U) of processes is called an adapted solution of FBSVI 
ill]) , if the following conditions are satisfied: 



2 
mi 



(z - X r , dV r ) + / if)(X r )dr < (t - s)if)(z), for allzeR n , 0<s<t<T, a.s. 



(01) XeS 2 n , Y£S 2 m , Z€M mxd , VeS 2 n nL 1 (n ] BV([0,T] ] R n )),V = 0, U G M, 
(a 2 ) X t G Dom^, dP (g> dt a.e. and tp(X) Gl'fSlx [0,T] ; : 

/ 

(a 3 ) (F t , £/*) G dy>, cflP(g)dt a.e. on Ox [0,T], 

(a 4 ) X f + F t = x+ / b(s,X s ,Y s ,Z s )ds + / o-(s,X s ,F s , Z s )dB s , 
Jo Jo 

Y t + I U s ds = g{X T )+ I f(s,X s ,Y s ,Z s )ds- [ Z s dB s , t e [0,T], a.s. 
Jt Jt Jt 

4.1 Assumptions 

Now we give the following standard assumptions: 

(Hi) Let ip : R n — > (— oo, +oo] be a convex l.s.c. function with € Int(Dormjj) and ip(z) > 
V'(O) = 0, for all z € R n . Moreover, the initial point x from (jlip belongs to Domtp. 

(H 2 ) Let ip : R m — > (— 00, +00] be a convex l.s.c. function s.t. f(y) > ^(0) = for all 
y € R m . 

(H 3 ) The coefficients b, a and / are defined on £1 x [0, T] x R" xi m x R mxd , s.t. &(•, •, x, y, z), 
a(-, -,x, y, z) and /(•, •, x, y, z) are {J-t}-progressively measurable processes, for all fixed 
(x,y,z) € R n x R m x R mxd . The coefficient g is defined on fi x R" and g(-,x) is 
J-^-measurable, for all fixed x € R n . 

(H4) The mapping y i-> f(ui,t,x,y,z) : R m —> R m is continuous and there exists a constant 
L > and 77 £ Aff, such that for all (oo,t,y), \f(u,t,0,y,0)\ < r](uj,t) + L\y\ (which 
implies that /(-,-, 0,0,0) € M m ). Moreover, &(■,-, 0,0,0) G M^, a(-,-, 0,0,0) G M 2 xd 
and E\g(-,0)\ 2 < 00. 

(#5) There exist positive constants K, ki, k 2 and a constant 7 G R, such that for all t, x, xi, x 2 , 

y,yi,y2,z,zi,z 2 , a.s. 

(i) \b(t,x 1 ,yi,zi) -b(t,x 2 ,y 2 ,z 2 )\ < K(\x\ - x 2 \ + |yi -y 2 | + |*i — ^2 1 ) , 

(ii) |o-(t,xi,yi,^i) -<?(£, x 2 ,?/ 2 ,2! 2 )j 2 < K 2 (\x x - x 2 \ 2 + \yi - y 2 \ 2 ) + kf\z 1 - z 2 \ 2 , 

(Hi) \g(xi) - g(x 2 )\ < k 2 \x 1 - x 2 \, 

(iv) \f(t,x\,y,zi) - f(t,x 2 ,y,z 2 )\ < K(\xi - x 2 \ + \zi - z 2 \), 

(v) (f(t, x, J/1, z) - f(t, x, j/2, z), yi - y 2 ) < 7^1 - 2/2I 2 - 

Remark 10 (^Ij VFe shall also introduce the following conditions: 
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(H' 4 ) The mapping y i— > f(oj,t,x,y,z) : M m — > W 71 is continuous and there exist constants 
L > 0, po > and a process r\ G M x p0 , such that for all (ui,t,y), \f(u,t,0,y,0)\ < 
r)(u),t) + L\y\ (which implies that /(-,-, 0,0,0) G M'^ po ). Moreover, &(-,-, 0,0,0) G 
M* +p0 , a{; -,0,0,0) G M n 3 +^° and £|<?(-,0)| 3 +^ < cxd. 

(-H5) fci =0, i.e., o~ does not depend on z. 

(2) For simplification, we put b°(s) := &(•, s, 0,0, 0), cr°(s) := a(-,s, 0,0,0), /°(s) : = 
f(-,s, 0,0,0) and<7°:= 5 (-,0). 

These assumptions will be completed by compatibility hypotheses which were introduced 
by Cvitanic and Ma [9]: 

(CI) < k x k 2 < 1, 

(C2) If fc 2 = then there exists a G (0, 1), s.t. //(a, T)ifC 3 < Ai, 

(C3) If k 2 > then there exists a G (fc?A|, 1), s.t. /j,(a,T)k% < 1 and Ai > ^. 

Here 

A(A 2 ,T) 



/i(a,T) := if(Ci + K)B(\ 2 ,T) + ^£i(#C 2 + fc£ 

A(A,t) = e-( AA0 )*, B(A,t) = / e" As ds, t G [0,T], 

Jo 



(12) 
for A G R and constants C\, C 2 , C3, C4 > 0. 



Ai = A - K(2 + Cf 1 + C^ 1 ) - K 2 , A 2 = -A - 2 7 - i^Cg" 1 + C7 1 



Remark 11 VFe mention that in Cvitanic and Ma J9\l, Ai = —& in (C3). However, it turns 
owi £/ia£ Ai > —& is enough. See the proof of Proposition\2@\ and Theorem\3Qin the appendix 
of our paper. 

4.2 Penalized FBSDEs and a priori estimates 

In this section, we give a priori estimates on penalized equations related with FBSVI (|11|) . 
inspired by [2], [9] and pi]. 

We begin with recalling the Yosida approximation for our convex l.s.c. function <p: 

<p e (u) :=inf j — \u-v\ 2 + ^(v) :veR m \, e > 0, u£R m . 

It is well known that the function tp e is convex and belongs to the class C ,1 (M m ). The gradient 
V</? e is a Lipschitz function with Lipschitz constant 1/e. We set 

Je,ip{u) = u- eVip e {u), u G R m . 

The approximation ip e has the following properties (see [3] and |19j): 
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For all u,v G R m , and e, 8 > 0, we have 

(a) ^(u) = f |V99 £ (u)| 2 + </?(J^(u)), 

(6) |J e ,<p(«) - Je,<p(v)\ < \U — V\, 

(c) Vp e (u) G d<p{J e „(u)), (13) 

(d) 0<v9 £ (n) < (V ft (ti),«), 

(e) (Vip e (u)-Vip s (v),u-v) >-(e + 8)\V<p e (u)\\V<p s (v)\. 

Moreover for our convex l.s.c. function ift, we have in addition, the following property (see 
PIE]): 

(/) For all uq G Int(Domip), there exist r > 0, M > 0, such that 

(14) 
r \Vip e (x)\ < (Vip £ {x),x- no) + M , for all e > 0, x G M n . 

Let e > 0. We consider the following penalized FBSDE using the Yosida approximation 
for ip and ip: 



(15) 



Xf + [ VA(X £ s )ds = x + [ b(s, XI 17, Z*)ds + I a(s, X% , Yf, Z £ s )dB s , 

Jo Jo Jo 

Yf+ [ V(p e (Yf)ds = g{X £ T ) + / f(s,X!,Y s e,ZI)d S - [ Z £ s dB s , t € [0,T\. 
\ Jt Jt Jt 

From Theorem [30] (see Appendix) , we have 

Lemma 12 Let the assumptions (Hi)-(H^,) be satisfied. We also assume (CI) and either 
(C2) or (C3) hold for some A, a, Ci, 62,63 and C4 = -j^- Then penalized FBSDE [T5\) 
has a unique adapted solution (X s ,Y £ , Z £ ) G S 2 x S^ x M 2 xd . Moreover, if among the 
compatibility conditions, only (CI) holds, then penalized FBSDE Iil5\) has a unique adapted 
solution on [0, To], but only for To > small enough. 

Remark 13 (1) In our paper we only discuss the assumption (CI) in combination with either 
(C2) or (C3). For the case that only (CI) holds and T$ > small enough, all our results can 
be obtained similarly, so we omit it. 

(2) As explained in Remark 3.2 [^j, the compatibility conditions do not include the case 
of an arbitrary T since the constants introduced in $12\) depend on T . However, under the 
condition (CI) , i/7 < — T, for some T > depending only on K, k±, k,2, then all our results 
holds for arbitrary T. 

Proposition 14 Under the assumptions of Lemma \ 121 if (X t,x ,Y t ' x ,Z t ' x ,V t ' x ,U t ' x ) (resp. 
(X t > x } Y t ' x ,Z t ' x ,V t ' x ,U t ' x )) is a solution of the FBSVI with initial time t and parameters 
(x,b,a, f,g) (resp. (x,b,a, f,g)), then there exists a constant C independent of (t,x,x), such 
that 

E{ sup \X t f-X t /\ 2 + sup \Y*' X -Y*' X \ 2 + I \Z t s ' x -Z t /\ 2 ds\<CA 1 , (16) 

*- t<s<T t<s<T Jt - 1 
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where 



Al = e~ xt \x - x\ 2 + E\g(X T ) - ~g(X T )\ 2 + eJ \b - b\ 2 (s,X^ x , Y*> x , Z^ x )ds 

+E [ T \f - f\ 2 ( S ,Xi> x ,Y*> x , Zi' x )ds + E [ T \a - a\ 2 ( S ,Xi> x ,Y*> x , zY)ds. 
Jt Jt 



it Jt 

Proof. From Definition [9] (02), it follows that 

rb fb 

(z - Xl' x ,dV^ x ) + / 1>(X$ x )dr <(b- a)iP(z), z G R n , t<a<b<T, 



a J a 



Recalling Proposition 1.2 of [2], we know that it is equivalent to 

\y r - X^ x ,dV^ x ) + f ^{Xt> x )dr < [ ij(y r )dr, y G C([t,T];R n ), t<a<b<T. 

J a J a 

Consequently, we have 

f (X$> x - Xp x , dV*' x ) + I ip(X r )dr < f t/>(Xt?)dr, t<a<b<T, 

Ja Ja Ja 

pb ph pb 

/ {Xr' x - Xr' x ,dVr' x ) + / ip(Xr' x )dr < / ^(X$' x )dr, t<a<b<T, 

J a J a J a 



which yields 

rb 
(X f r ' x - Xl' x ,dV r - dV^ x ) > 0. (17) 

Moreover, from (Y, U), (Y, U) G dip, it follows 

(Y-Y,U-U)>0. (18) 

Using (fT7|) and ([T5]) . similarly to the estimates ([80]) - ([82"]) of Proposition [22] (see the appendix), 
it follows 

e-xrElX*? - xf\ 2 + \{\\X^ - X^\\ 2 Mx[m < K[d + K(l + S)]\\Y^ - Y**\\ 2 Mxm 

+ [KC 2 + kj(l + 5)]\\Z^ - Z^ x \\ 2 Mx[m + e~ xt \x -x\ 2 
+ i|| (& _6) (X M )yt! x )Z M ) || MA[t)T] + ( i + i ) || (a _^ )(X M,yt,x ) ^ ) ||^ [tiT]) 

(19) 
\\Y l ' x ~ ^ll|/ A[t ,T] < B(Xi,T){k 2 (l + 5)e~ XT E\X t / - xf\ 2 + KC 3 \\X^ - X^\\\ h[m 

i||(/ - f)(X^,Y^,Z^)\\ Mx%T] + (1 + ±)e~ XT E\g(x¥) - g(X^ x )\ 2 }, 

(20) 
and 



1 2jt,x _ Jri,x ||2 s A(\ S 2 ,T) f u 2 lA 1 x\„-ATc|yM vt,x\2 , vr<-\\Yt,x vt,x\\2 



A(A|^T) J, 2/-, A x -AT pi yt,x v t,x\2 , j^ r 11 Y t,a; yt 
JW A [t,T] - ^\ /c 2l 1 + d ) e h \ X T ~ X T I + AC 3 ||A' -A- \\ Mx[t)T] 



i||(/ - /)(x^,y^,^)|| A . /A[4iT] + (1 + ^-^(x^) - 5(^)l 2 }- 

(21) 

Then using the same argument as in Proposition I29[ we obtain our results. ■ 
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Remark 15 Putting (X t > x ,Y t > x ,Z t *,V t > x ,U t > x ) = (0,0,0,0,0) which is the solution of FB- 



SVI with initial time t and parameters (0,0,0,0,0), we see from Proposition T\ that there 
exists a constant C independent of (t,x), such that 



E\ sup \Xr\ 2 + sup |Y/'T+ / \Zr\ A da\ < CA 2 , 

t<s<T t<s<T Jt J 



(22) 



where 



A 2 = e" At |x| 2 



+ E\g°\ 2 + E[ \b°(s)\ 2 ds + E I \f°(s)\ 2 ds + E I \d°(s)\ 2 ds. 
Jt Jt Jt 



Proposition 16 Let the assumptions (Hi)-(H^) be satisfied. We also assume (CI) and 
either (C2) or (C3) hold for some A, a, C\, C 2 , C 3 and C4 = ^7^. Then for all £1,82 > 0, 



E{ sup \X £l -X £2 \ 2 + sup \Y £l -Y £2 \ 2 + I \Z £ S ^ - Z £ s 2 \ 2 ds\ 

*• 0<t<T 0<t<T JO ' 

|V^ 1 (Xf)||V^ 2 (Xf)|d S + / \V<p £1 (Y s ^)\\V VE2 (Y^)\ds 
Jo 



<C(e 1 +e 2 )E 
where C is a constant which does not depend on E\ nor on e 2 



(23) 



Proof. We apply Ito's formula to (e- Xs e- x '^ t -^\X £ s 1 - X £ s 2 \ 2 ) . From (V^ ei (tt) - 

\7ip £2 {v),u — v ) > — (e\ + e 2 )\\/ip £l (u)\\V^ £2 (v)\ ( see (fT3"]) -(e) ), similarly to Lemma 5.1 [9], 
it follows that 



e~ XT E\X^ -X £2 | 2 + Ai||X £l -X £2 \\ 2 M <K(Ci+K)\\Y f * -Y £2 \ 



Mi 



+ (KC 2 + k 2 )\\Z £ i-Z £ *\\l h + 2(e 1 +e 2 )E[ e~ Xs \V^ £l {X^ )||V</> £2 (Xf )\ds 

J u 



(24) 



where Ai = A — K(2 + C 1 + C 2 ) — K 2 and C\, C 2 are positive constants. 

We apply again Ito's formula but now to (e~ e ^"^lYf 1 — Y £2 \ 2 ) . Observing 

that (Vcp £1 (u) — \7ip £2 (v),u — v) > — (e\ + e 2 )\V(p £1 (u)\\\7tp £2 (v)\, we obtain 



Y £ ^-Y £2 \\ 2 <B(\ 2 ,T) 



k 2 e~ XT E\X £l - X £2 1 2 + KC 3 \\Y £l - Y £2 1 



Ly W T 



M x 



+2(e 1+ e 2 )E e~ Xs \\/ip £l (Y £ ^\\V^ £2 (Y £2 )\ds 
Jo 



(25) 



\Z £ i-Z £2 \\ 2 < Afe ' T) 



k 2 e~ XT E\X £l - X £2 \ 2 + KC 3 \\Y £1 - Y £2 \\ 2 A 



Mx 



T 



+2(e 1+ e 2 )E / e~ Xs \Vv £1 (Y £ i)\\V<p £2 (Y £2 )\ds 



(26) 



where A2 = —A — 27 — K{C^ + C7" ) and C3, C4 are positive constants. Now from (J2"4"|) - (f26"j) 
as well as (C1),(C2) or (C1),(C3), by using Burkholder-Davis-Gundy (BDG) inequality, we 
check that there exists a constant C independent of E\ and e 2 , such that (j23j) holds. ■ 
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4.3 //-estimates for the penalized equations 

We begin our study with the L 2 -estimates for penalized FBSDE (|15|) . 

Proposition 17 Let the assumptions (Hi)-(Hz,) be satisfied. We also assume (CI) and 



l-q 
K 



Then 



either (C2) or (C3) hold for some A, a, Ci, C 2 , C3 and C4 

\\ye,t,xi ye,t,X2\\2 _i_ \\\re,t,xi v£,t,X2\\2 

11^ A \\S[t,T] "+" II r r Hs[t,T] 

+ ||Z £ >*^ - Z e ^' 2 ||2 /[i>T] < c r |xi "X 2 | 2 , XI, X 2 G M n , 
wi/i a constant Ct which is independent of (t,x\,x 2 ) and e. 



(27) 



Proof. We put X e = X e '^ Xl - X e ^' X2 , Y e = Y e ^' Xl - Y £ ^ Xi and Z e = Z E > f > X1 - Z £ ^ x \ From 
(Ff6]l-(ff8]) ; using e~ Ai < e"^ ) 4 < e~( AA0 ) T , A(X,T-t) < A(\,T) and B{X,T-t) < B(X,T), 
we have the following estimates: 



„— AT 771 1 ye |2 _i_ \ II ye ||2 



< e -(AA0)T| 3 _ i _ X2 | 
2\|| -7EII2 



M x [t,T] 

+k(c 1 + J0||y £ ||2 /A[t>T] + (KC 2 + fe 2 )||^ E ||^ [t , T]) 



\Y 



£||2 



lM A [t,T] 



-er i|2 



C B(A 2 ,T) k z 2 e~ A1 E\X T \ l + ^C 3 ||X' n Mx[tjT] 



and 



\Z 



E||2 



lM A [t,T] 



< 



^(A 2 ,T) 



o 



^e-^^lX^I 2 + A"C 3 ||.X' e " 2 



M x [t,T] 



From these estimates, recalling the definition of fj,(a,T), we get 



-£||2 



<e 



(1 - M (a, T)^)e" AJ £|X T |' + (Ax - /x(a, T)K<7 3 )||X llMA[t)T] 
from where we obtain 

e~ XT E\X T \ + \\X £ \\ Mx%T] < C T \x x - x 2 \ 2 
with 



-(AAO)T 



X\ - x 2 \ 



-(AAO)T 



(AAO)T 



C T - max 1 ! M(ajT) ^ , Al - M (a,T)KC3 f ' 



(28) 
(29) 
(30) 

(31) 

(32) 
(33) 



Observe that Ct does not depend on (t,xi,x 2 ) nor on e. From (f32j) . (f29|) and ([30]) . we have 

II V"£|l 1 llv^ll 1 II "7EII S* fy_\~, ™, |2 

ll A llM A [t,T] + ll Y llM A [t,r] + ll z llM A [t,T] S c>T|a;i — x 2 \ ■ 

Here C7 1 differs from (J33]), independent of (£, x\, x 2 ) and e and it may vary line by line in the 
following discussion. Finally, from Ito's formula and the BDG inequality, we conclude that 

1 1 Y £ 1 I 1 It V s II ill V s II *" f~i \„. » |2 

\\X \\S[t,T] + \\ y \\S[t,T] + \\Z \\M[t,T] S Ct\X\ - X 2 \ . 

The proof is completed now. ■ 
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Remark 18 Similar to Proposition 17 we show that for all e > 0, < t < T and for all 

£ii£2 G L 2 (ri, J 7 i,P;M n ) ; there is some constant Ct independent 0/(^,^1,^2) and e, such that 

T \Zf. Ml -Z^ 2 \ 2 dr) 



E T A sup \X £ r Ml - X £ '^ 2 \ 2 + sup \Y r eMl -Y r £M2 \ 2 + f 

\t<r<T t<r<T Jt 



<C T |£i-6| 2 , P-o.a. 
In particular, \Yf' '" — Y^' '* 2 | < Cr|£i — C2I) o,.s. 

Now we introduce the random field 8 £ (t,x) := Y^ £ ' ,x , for (£,x) € [0,T] x M n . Then 

|0 e (i,cc) - 9 £ (t,x')\ < C T \x - x'\, a.s. (34) 

Moreover, we have the following proposition: 

Proposition 19 Let us suppose the assumptions (Hi)-(Hz,) as well as (CI) combined either 
with (C2) or with (C3) for some A, a, C\, C2, C3 and C4 = -jj^. Then, for any t G [0, T], and 
C G L 2 (ft, Ji,P;R m ), we have 

6 £ (t,() = Y t £ > t ' < , F-a.8. 

The proof of the above Proposition can be obtained by combining the arguments of Peng 
(|23j. Theorem 4.7) with the uniqueness of the solution of our penalized FBSDE. 

In the following discussion, we recall the assumption: 

(H' 3 ) k\ = 0, i.e., a does not depend on z. 

Under (H' 3 ), FBSVI ^TTJ becomes 

dX r + dip(X r )dr B b(r, X r ,Y r , Z r )dr + a(r, X r ,Y r )dB r , 

< -dY r + d(p{Y r )dr B /(r, X r , Y r , Z r )dr - Z r dB r , r G [0, T], (35) 

k X = x, Y T = g(X T ), 

and the corresponding penalized FBSDE is 

ps ps ps 

X £ s + / V^ £ (X £ )dr = x + / b(r,X £ ,Y r £ ,Z £ )dr + / a(r,X £ ,Y £ )dB r , 

Jo Jo Jo , . 

„ T ,, T „ T I- 30 ; 

F/+/ Vip £ {Y £ )dr = g{X £ T )+ f(r,X £ ,Y £ ,Z £ )dr- Z £ dB r . 

Js Js Js 

Unlike [9] , we need the following uniform L p -estimates of the solution of (j36[) in our framework: 



Proposition 20 Let the assumptions (Hi)-(H^) and (H' 4 ), (H' 5 ) be satisfied. We also assume 

L-o 

K 

Q. +hpr& PTie/e n mriG+nrit I. nm rl pti&ii ri pint nf t? nnri re Qitnh tr 



(CI) and either (C2) or (C3) hold for some X,a,Ci,C2,Cs and C4 = —^- Then, for every 
I < p < +p0 , there exists a constant C independent of e and x, such that 



E{ sup \X £ r \ 2 P+ sup \Y £ \ 2 P) + E{( ! \Z £ \ 2 dr) I 

0<r<T 0<r<T [ \Jo J 

\x\ 2 P + \g°\ 2 P+( f \b°(r)\ 2 drj +(f \f°(r)\ 2 dr) + ( f \a°(r)\ 2 dr 



(37) 
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Proof. For the proof, we use an approach based on Theorem A. 5 Delarue [10]. But unlike 
[TO] , our coefficients ip e and tp e depend on e so that we have to pay some special care. Let us 
give a sketch of the proof. 

Given £ € L 2 (J7, .F t ,P;R n ), we construct the following sequence {(X £ > k ,Y £ > k , Z £ > k )} k>1 of 
processes: 

Xl' k+1 + [ S ViP £ (X £ r > k+1 )dr = £ 

+ fb(r, Xp k+ \ Y £ > k , ZV k )dr + fair, Xp k+ \ Y r e ' k )dB r , 
Jt Jt , , 

, T (38) 

r/' fe+1 + / V<p £ (Y r £ > k+1 )dr = g(X £ / +1 ) 

J s 

+ [ f(r,X £ ' k+1 ,Y £ > k+1 ,Z £ > k+1 )dr- f Z £ ' k+1 dB r , s E [t,T\. 
Jt Jt 

Ifwechoose(X e < ,Y e > ,Z £ <°)s.t. E{ sup |X r e '°| 2p + sup \Y £ft \ 2 v)+E ( [ \Z £fi \ 2 dr) < oo, 

t<r<T t<r<T \Jt J 

following the argument at page 264-265 [ID], by using Proposition 1311 (see the appendix), we 
obtain the existence of a constant 5K,k 2 a,p sman enough, such that for all T— t < 8K,k 2 ,^,p A To 
(To is the constant depending on K, / y,k\,k2 chosen as in Theorem 1301 of the appendix), we 
have 

E sup \X e ' k - X £,l \ 2 P + E sup \Y £ ' k -Yr' l \ 2p + E[ [ \Z £ ' k - Z £ /\ 2 dr) ->■ 0, 

t<r<T t<r<T \7t / 

as k, I — > oo. This means that (X E ' ,Y £ ' ,Z E ' ) converges to some (X s ,Y £ , Z £ ) in the sense 
that 

E sup \X £ ' k - X £ \ 2 p + E sup \Y £ ' k -Y £ \ 2 P + E[ [ \Z £ ' k - Z £ \ 2 dr) -> 0. (39) 

t<r<T t<r<T \it / 

Then ([38]), 432) and Theorem [3D] yield that (X £ ,Y £ ,Z £ ) is the unique solution of FBSDE: 

' ps ps ps 

X £ + / \/ip e (X £ )dr = £ + / b{r,X £ ,Y £ ,Z £ )dr+ / a(r,X £ ,Y £ )dB r , 

Jt Jt Jt ,._, 

,T ,T vr ( 4 °) 

y/+/ Vip e (Y £ )dr = g(X £ T )+ f(r,X £ ,Y £ ,Z £ )dr- Z £ .dB r , s G [i,T]. 

k 7s 7s 7s 

Moreover from ([39]) . it follows that, for T — t < 5km,i,p A -^o> 

£( sup |X r £ | 2p + sup \Y £ \ 2p ) + E[ [ \Z £ \ 2 dr) < oo. 

t<r<T t<r<T \Jt ) 

Now applying ([85]) for (Xf, Y/ , Zf) and (0,0,0) (Obviously that (0,0,0) is a solution of 
FBSDE (J3DJ with parameters (£,b,a,f,g) = (0,0,0,0,0)), we see there exists < 6' Kk < 
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^K,k2,"/,p small enough and a constant CK,k 2 n,p sucn that, for T — t < 8' K k „ 7P A To, 

£7( sup \X £ \ 2 p + sup |y r £ | 2p ) + £(/ |^ r e | 2 ^) 

t<r<T t<r<T \Jt J 

< C km ^ p e\ |£| 2 *> + |<? | 2p + (£\o°(r)\*d r y + y\\b»\ + \f°(r)\)dr^J " 



(41) 



If we take t = 0, we know that the above inequality yields our result for T small enough 
(T < S' K k A To). In what follows, we will show that this inequality can be extended to 
the whole interval. 

We use the notation 6 £ (t,x) = Y t e ' t,x , (t,x) 6 [0, T] x R n . From (JM]), it follows that for 
alUe [0,T], 

\9 £ (t,x) - 6 £ (t,x')\ < C T \x - x'\, a.s. 

Now we divide the interval [0, T] into subintervals defined by (ti)j=o,...,7V where t{ = jr, N 6 N, 
such that jj < 5' K c A To, where To is a constant as in Theorem I3"0"l but corresponding 

to K,' 

yields 



to K,j,ki,CT- From Theorem [30] we know that Yf.' ,x = Y t , ' +1 . Then Proposition [T9l 



: (^,<f)=C +1,<r =^ ' 



a.s. 



■ti+i > 

The above discussion and (|4ip allow to follow the argument developed at page 266 [10 
to obtain by induction that 

E( sup \X £ \ 2 p+ sup \Y r £ \ 2 P) + E[ [ |^| 2 dr) 

0<r<T 0<r<T \Jo / 

< C k> c t , 1:P eI \x\ 2 ? + | 5 °| 2p + ^\a°(r)\ 2 drj + (j\\b°(r)\ + \f°(r)\)dr^ " 



4.4 Existence and uniqueness of solutions of FBSVIs 

In this subsection, we study the existence and the uniqueness of the solution of FBSVI (jlip . 
For this, we shall introduce the following condition: 

(Hq) There exists a random variable £ £ L^f)) and a constant L such that 

|^( 5 ( W ,x))|<CH + i!x| 3+p0 , a.s. 

Based on the idea of [TU] and [20j . we give the following auxiliary proposition: 

Proposition 21 Let the assumptions (Hi) — (Hq) and (H' 4 ), (H' 5 ) be satisfied. Assume also 
(CI) and either (C2) or (C3) hold for some X,a,C±,C2,C3 and C4 = —j^- Then for all 
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1+PU 



(42) 



< p < ^ A 1, 

(t) £ sup |VV^)| 2+4p < ^, 

0<r<T 

(m) £ sup |X r £ - J £ ^{Xf.)\ 2+i P < CeP, 

0<r<T 

(Hi) e! \V^ £ (Y r £ ))\ 2 dr<C, for all s € [0,T], 

(iv) E<p{J e , v {Yf)) + e[ ^(J £ ^(Y{))dr < C, for all s G [0,T], 

J s 

(v) E\Y? - J £ , V (Y S £ )\ 2 < eC, for all s € [0,2], . 
Proof. We first prove (m) — (u). Similar to Proposition 2.2 [19], we can obtain 

e- A V £ (F/)+ I e- Ar |Vv9 £ (y r e )| 2 (ir<e- A V(^)- / e" Ar (V^ e (y/), Z r e dB r ) 

J s J s 

+j e- Ar (V^(y r e ), |A|y/ + f(r,Xc,Yf,Zz))dr, 
and then 

\J e- Xr E\V<p E (Yf)\ 2 dr < e~ XT E<p(g(X^)) 

+E / e- Ar [4|r/(t)| 2 + 4^ 2 (|X r e | 2 + |Z r £ | 2 ) + (4L 2 + |A| 2 )|Y/| 2 ](ir. 

J s 

r T 

By using Proposition [20] and (H 6 ), we have / e- Xr E\V<p £ (Y r e ))\ 2 dr < C(l + |x| 3+w ), which 

yields (m). Here C is a constant independent of e and x. 

From (02]), (m) and (p(J e , v (y)) < <p e (y), we get Ee-^J^Yf)) < C, for any i € [0,2]. 
Thus (if) follows easily. 

Moreover, since \y — J £ ^(y)\ 2 = \V<p £ (y)\ 2 < 2eip £ (y), y G M m , (f) is obtained from (iv). 

Now we are focusing on the proof of (i) and (ii). We shall follow the argument as in 
Theorem 4.20 [20], so we only give a sketch of the proof here. Since ip £ is a function of class 
C 1 (W n ; M_|_) and the gradient S/tp £ (u) is a Lipschitz function with Lipschitz constant 1/e, from 
Remark [33] (see the appendix), we have 

^l +2p (Xl ) + (1 + 2p) f V £ 2p ra|V^(X r e )| 2 dr 

JO 

< V, 1+2p (x) + (1 + 2p) [ S ^ p (X*)(Vi; £ (Xe),b(r,X £ r ,Yf,ZC))dr 
Jo 

+ i f £ f'il> 2 e p (X?)\a(r,X?,Yf)\ 2 dr 

Jo 

+ P (i + 2 P ) /V 2 ^ 1 ^)^^^)! 2 ^^,^,^)! 2 ^ 

JO 

+(1 + 2p) f S i; 2 £ p (X^(VA(X^, a(r, X?,Y r e )dB r ). 
Jo 
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Then, similarly, following the argument as in Theorem 4.20 [20J, we can prove that there 
exists a constant C independent of e and x, such that 



(■T r T 

E sup 4 +2p (Xf,) + E i? £ p {X £ T )\V^ e (Xz)\ 2 dr <24 +2p (x) + ^E i? £ p {Xf)A%dr. 

0<r<T Jo JO 



(43) 



Here 



A% = \b u (r)\ 2 + \a u (r)\ 2 + \X £ r \ 2 + \Y r £ \ 2 + \X £ r \\Z £ r \ r £ [0,T]. 



l+p 



Moreover, let tq = — -. Then from Young's inequality, 

q$ p (xz)A$ = i? E p ~^ (x^p (xi)A*q < ^ £ P ~^(Xf:)\S/iP £ (Xc)fo\X^A 



eC 

r e 



P 

1+P 






<£hk r ° (xz)\vMx £ r)\~° \ +^11151^^^ 



'■() 



'■() 



r e 



i#W)iw.ra 2 + ^S^m^i 1 ^- 



From the above estimate, (|37p . (|43p and Young's inequality it follows that 
E sup ^l +2p {X e r ) < 2^l +2p {x) + -£^E \ \X £ r \ 2 P\A e r \ 1+ Pdr < 2^ £ +2p (x) 

0<r<T Jo 

+^E f (|6 (r)| 2+4p + |a°(r)| 2+4p + \X e r \ 2 +^ + \Y r e \ 2 +*P + \X^\ 1+3 P\Z^\ 1+ p\dr 



,l+2p 



< 2^ p (x) + -fe 



E sup \X*\ 2+4 P + E sup \Y r £ \ 2+4 P 

0<r<T 0<r<T 



+E [ (\b (r)\ 2 + 4 P+\a (r)\ 2+i p)dr + E{ sup \Xf,\ 1+3 P ( [ \Z e T \ 2 dr 

Jo ^ ' 0<r<T \Jo 



l+£ 
2 



< 2i) 1+2 P{x) 



c 



E sup \X £ r \ 2+i P + E sup \Y r e \ 2+4 P 

0<r<T 0<r<T 



T \ 1+2P" 

£}2 dr 



+E I (\b°(r)\ 2+i P+\a Q (r)\ 2+i P^dr + E\(f \Z. 

< ^ (1 + |x| 3 +^ + ^ 1+2 "(x)) , 

(44) 
where C is a constant independent of e and re and it can vary from line to line. (We can 
assume that e < 1. Also recall that < p < ^^ A 1 so that 2 + 4p < 3 + p )- 

Finally, since ||Vi/> e (X^)| 2 < ij) e (X^) and A^f — J £ ^(X £ ) = eVtp £ (X e ), we obtain (i) and 



(ii) directly from 

Proposition 22 Under the assumptions of Proposition [2l[ setting 4 7ff V0 < p < 4 Po A 1, 
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we have 



(i) E f { | X^ - Xp | 2 + | Y £1 - Y/ 2 1 2 + | Z £l - Z r £2 1 2 } dr < C (ef+ 4p + e 2 2 + 4p J 



2+4p , 2+4p 
"T fc 2 



(«) e{ sup |x r ei -x r £2 | 2 + sup |y r ei -y/ 2 | 2 ) <c(sl+' 

Here C is a constant which depends neither on s\ nor on £2- 

Proof. From Proposition [16] we have (|23p . In the same manner as in [20], applying the 
Holder inequality to the right-hand side of (|23p . it follows that 



(e 1 +s 2 )e[ \V^ ei (X^)\\V^ E2 (X^)\dr 
Jo 



1 

2+4p 



<e x \E sup |V^ 1 (^ r £l )| 2+4p 

V 0<r<T 



+e 2 [E SUp \VA 2 (Xr 2 )\ 2+4p 
\ 0<r<T 



[ / \Vi> e2 {X?)\dr 



l + 4p 
2+4p 



(45) 



Now we calculate E < 



\VMXr)\dr 



1 

2+4p 



2+4p 
l+4p 



[ / \V^ £l (X^)\dr 



> . From (11411 we know 



2 + 4p 
l + 4p 



l+4p 
2+4p 



rp rp 

2r [ \VA(X £ s )\ds < 2 [ (V^ £ (X £ S ),X £ S - u )ds + 2M T. 
Jo Jo 

By applying Ito's formula to \X £ — uo\ 2 , we obtain 

ps ps 

\X £ s -u \ 2 + 2 {Vi/}s(X*),X*-Uo}dr = \x-u \ 2 + \a(r,X £ ,Y £ )\ 2 dr 
Jo Jo 

ps ps 

+ / 2{X £ r - no, b(r, X £ ,Y £ , Z £ ))dr + / 2{X £ - u , a(r, X £ ,Y £ )dB r ). 
Jo Jo 



(46) 



(47) 



Thus 



2r [ \V^ e (X £ )\dr<2\x\ 2 + 2\uo\ 2 + 2M T+[ \a(r,X £ ,Y £ )\ 2 dr 
Jo Jo 

+ I 2{X £ - n , b(r, X £ ,Y £ , Z £ ))dr + I 2{X £ - u , <r(r, X £ ,Y £ )dB r ). 
Jo Jo 

Consequently, for fixed uq € M. n , we deduce from Proposition [20], that for all 1 < q < —^ 



E{[2r 



,/ \V^ e {X £ )\di 
Jo 



r) \ <C 



l + E sup \X £ \ 2q + E sup \Y £ \ 2 i 

0<r<T 0<r<T 



+E<(I \Z £ \ 2 dr\ \+e([ \b°(r)\ 2 dr\ +&([ W°(r)\ 2 dr\ 



(48) 



<C. 
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We choose now q = j+£ and we observe that q < 2 P ° ■ (Indeed, recall that p > 4+4 ^° V ). 
Then we obtain from (|45p . (08]) and Proposition [21] (i), that 



(ei +e 2 )E [ \Vi> ei {X^)\\V^ £2 {X^)\dr 
Jo 



(\ 2+4p / \ 2+4p 

£ sup |W ei p^ 1 )| 2+4 '' +Ce 2 \E sup |VV> £2 (^ r £2 )| 2+4p (49) 

0<r<T / \ 0<r<T I 



i l 

1 2+4p / ^ \ 2+4p 

'2 



< Ce x \^- p 1 + Ce 2 1^1 < Ce^ + Ce 2 2+4P 

On the other hand, using Proposition [21] (m), it follows 

(e 1 +e 2 )E[ \V<p ei (X?)\\V<p ea (X?)\dr 
Jo 

< £i+a^ /" (| V ^ £1 (^)| 2 + |V^ £2 (^)| 2 ) dr < C(e 1 + e 2 ) 

JO 



(50) 



Consequently, ([23]) . fi9]) and (|5Q|) allow to complete the proof. ■ 

Now we are able to give our main results: 

Theorem 23 Suppose (Hi) — (Hq) and (H' 5 ) are satisfied and (H' A ) holds with po > 1. 
Moreover, we assume that (CI) and either (C2) or (C3) hold for some A,a,Ci,C 2 ,C3 and 
C4 = -j^-- Then there exists a unique solution (X, Y, Z, V, U) of FBSVI Ii35\) . 

Proof. The uniqueness is a consequence of Proposition [TU Thus, it remains to show the 
existence. From Proposition [22] we know that there exist X G S 2 , Y G 5^, and Z G Mmxd> 
such that 

lim E{ sup \X £ r - X r \ 2 + sup \Y £ - Y r \ 2 + / \Z £ - Z r \ 2 dr\ = 0, (51) 

e^O I 0<r<T 0<r<T Jo ' 

and from Proposition [21] (m) and (w), we have 



lim E sup \J e A X r) ~ X A 2 = 0, lim E\Y r - J e ^(Y £ )\ 2 = 0, for all r G [0, T], 

e— >0 0<r<T ' e—>0 



and lim / E\Y r - J £ JY £ )\ 2 dr = 0. 
Let us define V £ := / Vif) £ (X £ )dr. Then from (f36f) . 

J0 

/ 6(r,X r e ,y r e ,Z r £ )dr+ / a(r,X £ ,Y £ )dB r , sG [0,T]. 
JO JO 



(52) 






xf + y, e = x + 

The Lipschitz condition for b and c, Proposition [22] and the BDG inequality yield that 



E sup |F S £1 - y/ 2 r < C £l 2+4p + e 2 2+4p , ei,e 2 > 0. 

0<s<T 



25 



Consequently, there exists V G S%, such that 



lim£ sup \V £ -V s \ 2 = (53) 

£ ->° 0<s<T 



and 

X s + V s = x + 



/ b(r,X r ,Y r ,Z r )dr+ / a(r,X r ,Y r )dB r . 
Jo Jo 

Then, from @g) and V £ (0) = we have £ {||"HI| y([0 ,T];K»)} = £ $ V £ ^ T] < C, for 
1 < 9 < ~2 ' ^ n particular, £ { ||^ e ||_BV([o,T] ; M")} < C- Moreover, if po > 1; then also 

^(ll^ e |lBV([0,T];M™)J - C- 

Recalling Proposition 1.25 [20] (see also Proposition [M] in the appendix) as well as (|5ip and 
([53]) . we have 

^{H^IIbv([o,T];R")J = E t v t[0,T]^ C' ( 54 ) 

and for all < s < t < T, 

(X £ ,dV £ ) A / (X r ,dV r ), ase^O. (55) 

J s 

From (I131 -(a)) and the convexity of tjj s , we have 

lp(JeA X )) <Mx) < Mz) + (X ~ Z,VlP £ (x)} < l/)(z) + {x ~ Z, Vlp e (x)), Z G R n , 

Then for all < s < £ < T, it follows that 

^(J £iV ,(X r £ ))dr < (t - s)4>{z) + I (X £ - z, dV r £ ), z G R n . 

J s 

From ([52]) . ([55]) . Fatou's lemma and the fact that •*/> is l.s.c, letting e — > 0, we deduce 

/ ip(X r )dr <(t- s)i>{z) + / (X r - z, dV r ),z el", < s < t < T, a.s. (56) 

J s J s 

This proves the inequality in Definition^ (02). Moreover, taking z = in ()56|) . we have 
0<£/ ij(X r )dr<E I {X r ,dV r ) <\E sup |X r | 2 + \E \V f 0T1 < 00, 

JO JO 0<i<T L ' J 



i.e., X takes its values in Dorm/j and ip(X) G L 1 (il x [0, T];R). 

On the other hand, for any e > 0, we define U £ = V(p £ (Y £ ) and C/| = / U £ dr. Then 

Jo 
from ([36]) and Proposition [22] we deduce the existence of a J7 G 5^, s.t. 

limE sup (t^ - £/ s | 2 = 0. (57) 

£ ^° 0<s<T 
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Moreover, Proposition [21] (Hi) yields supE / \U £ \ 2 dr < C. Consequently, the sequence 

£>0 Jo 
{U e } e> Q is bounded in L 2 (il; -ff 1 (0, T)). Thus there exists a subsequence which converges 
weakly to a limit in L 2 (Q; i? 1 (0, T)). But from (|57p we conclude that this limit is nothing 
but Ut, and the whole sequence {U £ } e >o converges weakly to U. Moreover, U takes the form 

- f S L 2 (Qx\0 T]) 

U s = U r dr, s G [0,T], where U £ - > U. Now we take the limit in probability in 

J n weakly 

FBSDE (1361), and we get 



Y s + / U r dr = g(X T ) + I f(r,X r ,Y r ,Z r )dr - / Z r dB r , for all s G [0,T], a.s.. 

J s J s J s 

Finally, it remains to show that (Y s , U s ) G dip. In fact, from U £ G d(p(J £tV Y £ ), it follows 

(U £ s ,v s - J e , v (Y?)) + <p(J £ (Y £ )) < tp{v a ) for all v G M 2 m . 
Then integrating both sides from a to b, for all < a < b < T, we obtain 

(U £ s ,v s - J £ ,A Y s £ ))ds + f ^{J £ , v {Y £ ))ds < [ V {v s )ds. 



Let us take now the limit as e — > 0. By using (|52p . the weak convergence of U £ to U as well 
as the fact that <p is a proper convex l.s.c. function, we get 



r-fe />& /•& 



/ ([/,,«, - Y s )ds + / <^(F s )ds < I <p(y s )d8. (58) 

./a Ja Ja 

Indeed, / (L/J,t/, - Y £ )ds ^ f (U s ,v s - Y s )ds and J {U £ S ,J £ ^{Y £ ) - Y £ )ds ^ 0. Consi- 

Ja Ja Ja 

dering that a, b, v are arbitrary, we conclude from (|58|) that (Y,, ?7 S ) G <9<^, dP ® (it a.e. 



5 Existence of viscosity solutions of PVIs 

In this section we will prove that the solution of our FBSVI provides a probabilistic interpre- 
tation for the solution of P VI (pQ) . For this we assume that 

(Hj) The coefficients b, a, f, g are all deterministic and jointly continuous and m = 1. 

We collect the following assumptions which we denote by (^41): 

(Al) The conditions (Hi) — (Hj), (H' 5 ) are satisfied and (H' A ) holds with p$ > 1. Moreover, 
(CI) and either (C2) or (C3) hold true for some A, a, C±, C2, C3 and C4 = -j^-. 

For each (t,x) G [0,T] x Domip, we consider the following FBSVI over the interval [£, T]: 

' dx s + ^(x s )ds9 6(s,x s ,y s ,z s )ds + a(s,x s ,y s )d J B s , 

-dY s + d<p(Y s )ds3f(s,X s ,Y s ,Z s )ds-Z s dB s , s £ [t,T], (59) 
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It is clearly that Theorem 1231 remains true on the interval [t, T], and we denote the unique 
solution of equation (|59|) by {X s ' x ,Y S ' X , Z s ' x ,V S ' X ,U S ' X ). We define 

u(t,x) := Y*' x , for t € [0,T],x € Domip. (60) 

Observe that under {Hi), Y t ' x is deterministic. Indeed, by using the standard "time shifting" 
technique, we can check that Y s ' x is J-\ adapted, where J-]. := o~{B r : t < r < s} augmented 
by the P-null sets. The function u{t, x) = Y t ' x has the following properties: 

Proposition 24 Suppose {Al) holds, then u{t, x) € Dorrup, for all {t, x) € [0, T] x Domip, 
andu € C([0,T] x Domip). 

Proof. From Proposition [21] {iv) and the convergence in (|52p . we deduce that tp{u{t,x)) = 
Eip{Y t ' x ) < oo for all x € Domip. Consequently, u{t,x) € Dorrup, {t,x) € [0, T] x Domip. 
Let us prove that u € C([0, T] x Domip). We split this proof into two steps. 

Step 1: We first prove that u is right continuous w.r.t. t and continuous w.r.t. x. For this 
we assume that {t n ,x n ) — >• {t,x) as n — > oo, for t n > t. We put X™ = X s n ' Xn — X s ' x , Y, 71 = 
y s *n,x n _ F M^n = z <n,x„ _ z t,x^ s G ^^ T j_ n , om pj).^ of Proposition [H (Now for 

[£ n ,T]), it follows 



e- AT £|X£| 2 + Aill^H^^^ < K{C\ + ^)||y-' 



+(e:c 2 + ki)\\z'% Ix[tn , T] + z- xtn E\xt? 

2„— AT T7ii v~n |2 , iv-/-^ ||vn||2 



M A [t„,r| 

(61) 



lM A [t n ,T] 

- 2 ^(A 2 ,r) 

l Z IU.f A [J n ,T] < 



Y n \\i h ,, T] <B{\ 2 ,T) k' 2 e-^ E\X^ + KC 3 \\X n \\i hl , T] , (62) 



M x [t„,T] 



Z~2„— AT 77i| vn|2 , Tv^/^r ||vni|2 

fc 2 e -&|A T | +AG 3 ||A || MA [ iniT] 



(63) 

Indeed, we observe that here, unlike in (Tl~9j) - (j2~Tj) . the coefficients b, b, a, a and /, / as well as 
g,g coincide, so we can consider 5 — > in (fT9|) - (f21"|) . In the following C denotes a constant 
independent of {t, x) and {t n ,x n ), which may vary from line to line. 

Using the compatibility conditions (C1),(C2) or (CI), (C3), we can check with the help 
of dSU-dSS]), that 

\X n \l Mtn , T] < Ce- xt "E\XZ\ 2 < C{1 + e- XT )E\x n - X^\\ (64) 

Then plugging this inequality into (|62p and (|63p . we obtain 

llY~ n ll 2 _, II A>rx i|2 _i_ll7 n l|2 <? CP\rn v t , x \2 

ll A \\M x [tn,T\ + H r \\M x [t n ,T\ + H Z IU/ A [t n ,T] S <^U\X n - A in | . 

By applying BDG inequality to the equations for X n , Y n , we can prove 

||Y-ni|2 _i_ ||"S> Tl ll 2 -L|IZ n ll 2 <r r i W\T v t ' x \ 2 (fi^ 

On the other hand, using Proposition [291 we have 

l|T^t,xi|2 _i_ IIV*'^!! 2 _i_ II 7*1^112 

H A * Hs A [t,T] + H r ^ H5 A [t,T] + 11^ HA/ A [t,T] 

< r ( p-At|_|2 , ||t0||2 , 110-0112 i I|f0||2 , z?| n 0|2\ 

< r ^~(AA0)T| 12 , I|l0||2 i ||-.0||2 i I|f0||2 , p\ 0\2~\ 

<C(l + |x| 2 ). 
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Then we deduce from 

X l f -x n = x-x n + I b(r, Xl' x X' x ^ z r x )dr + / a(r, X*: x ,Y*' x )dB r - dV*> x , 
Jt Jt 

that 

E{ sup |X^-x n | 2 )<c{|x-x n | 2 + (l + |x| 2 )|t n -t| + ^t^'"tL n ii- (66) 

*• t<s<t n > y L ' ' ) 

Consequently, from (fol)j) and (|M|h we have 

E sup lY^-Y^KCtlx-Xnf + il + lx^ltn-tl+EXV^tt+A. 

t n <s<T L J 

Prom (|53p . we see that y t,a: is a process with continuous paths. But for any continuous 



bounded variation function g, we have | 5 ^[ 0i j] is continuous in £. Thus, £ V t,x t\t,t n ]~ * ^> as 
n — > 00, P-a.s., and Dominated Convergence Theorem (recall (j5l|) . i.e., £ y f,x £[£,T]£ -^ 2 (^))> 
yields that £ t V f ' x t 2 ,-> 0, as n ->• 00. Thus, £ sup \Y s tn ' Xn - Ys' x \ 2 ->• 0, as n ->■ 00 

and thanks to the L 2 -continuity of Y t,x we have E\Y t ,x — Y t ' x \ 2 — > as n — > 00. Consequently, 
|u(t„,x„) - u(t,x)\ 2 = E\Y t ^' Xn - Y t l ' x \ 2 < 2E sup \Y s tn ' x " - Y^ x \ 2 + 2E\Y t t f - Y^ x \ 2 

t n <s<T 

— > 0, asn^oo. 

Step 2: Let us now show that u is left continuous w.r.t. t and continuous w.r.t. x. For this 
we consider (t n ,x n ) — > (t,x) as n — > 00, for t n < t. We extend X s ' x ,y s ' x , Z s ' x , V s ' x , U s ' x to 
s G [tn,T] by choosing X s ' x = x, Y s ,a: = Yj ,!C , Z s ' x = 0, dW* = x*ds, U s ' x = u* , s G [t n ,t], 
for arbitrarily chosen x* G dip(x) and u* G dip(Y t ' x ). Then we know that 

(z - Xl' x , x*) + V(^*' X ) < 1>(z), for all z£l", t n < r < t, a.s. 

which yields that 

r b 
{z - Xp x ,dV?> x ) + / ^{XY x )dr <(b- a)il>(z), for all zel", t n < a < b < t, a.s. 

J a 

/•b rb 

Moreover, it holds that / (z - Xp x , dVr' x ) + / ip(Xr' x )dr < (6 - a)V>0), for all z G R n , 

J a J a 

t n <a<b<T, a.s. and (Yf' x , CT^) G cfy>, cflP (g) (it a.e. on x [i n , T]. 
Using the above extension, we have 

ps ps 

x t,x + ^t,* = x + / g^ X M ; yM > Z t,^ ds + / - ^ Xr' X ,Yr' X )dB ri 

Yt x + f T x dr = g{X t f)+ I f(r,Xp x \Y^ X ,Zl' x )dr - f Z$' x dB r , s G [t n ,T], a.s. 

J s Js J s 

where we define b(r,x,y,z) = x*l [w] (r) + b(r,x,y, z)l [t ^ T] (r), a{r,x,y) = a(r,x,y)l [t)T] (r) 
and f(r, x, y, z) = u*l [w] (r) + f(r, x, y, z)l [ttT] (r). 
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From Proposition 1141 there exists a constant C which does not depend on (t n ,x n ) such 
that 



E{ sup \Xt' x - Xt n ' x "\ 2 + sup \Y s t ' x -Y s t "' x "\ 2 + [ \Zl' x - Z^' Xn \ 2 ds) <CA 3 , 

*- t n <s<T t n <s<T Jt„ J 

(67) 



t n <s<T t n <s<T Jt 

where 



A 3 = e ~ xt -\x - x n \ 2 + E [ T \b - b\ 2 (8,X t .' x ,Y*' x ,Z t a > x )d8 

Jt n 

+E f\f - f\ 2 (s, Xi' x ,Yf' X , Z l s x )ds + E f T \a - a\ 2 (s, X$ x , Y^ds 
= e" Af " \x - x n \ 2 + E I \x* - b(s, X l t ' x ,Yl' x ^)\ 2 ds 

+E[\u*-f{s,X\> x rt x M 2 ds + Ef\o(s,X t t ' x rt x )\ 2 ds. 
From Remark [15] we also have 

E sup \X l r ' x \ 2 + E sup \Y?> x \ 2 + e[ \Zl' x \ 2 dr 



(68) 



t<r<T t<r<T Jt 

rT r-T 



<CE\\x\ 2 + \g*\ 2 + I \b°{r)\ 2 dr + I \f°(r)\ 2 dr + I \a°(r)\ 2 dr 
I Jt Jt Jt 



(69) 



Hence, by combining (|67p ~ (|69p and considering that x* , u* only depends on t and x, we obtain 
that E sup \Ys ,x - Ys n,Xn \ 2 -> 0, as n -> oo. Consequently, 

t n <s<T 

\u(t n ,x n ) - u(t,x)\ 2 = E\Y^' Xn - Y t t,x \ 2 < E sup \Y l s n ' Xn - Ys ,x \ 2 -> 0, as n -> oo. 

t n <s<T 



Remark 25 From Ii65\) . setting t n = t, we know that u(t,x) is Lipschitz continuous w.r.t. x 
on [0, T] x Domip. 

Theorem 26 Suppose (Al) holds and Domip is locally compact, then the function u(t, x) = 
Y t ' x , (t,x) £ [0, T] x Domip is a viscosity solution of PVI (Qp. 

As a consequence of Theorem [3] and Theorem [26"1 we have 

Theorem 27 We assume that Domip is locally compact, o~(t, x, y) does not depend on y and 
f is Lipschitz continuous w.r.t. y. Then under the assumptions of (Al), PVI (QP has a unique 
viscosity solution in the class of functions which are Lipschitz continuous in x uniformly w.r.t. 
t and continuous in t. 
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Proof of Theorem 1261 We use the following penalized equation to approximate ([59]) : 

' ps ps ps 

X £ s + / V?p £ (X £ )dr = x + / b(r,X £ ,Y r £ ,Z £ )dr + / a(r,X £ ,Y £ )dB r , 

Jt Jt Jt f „ nS 

f T fT f T ( 70 ) 

Y £ + Vip £ (Y £ )dr = g{X%) + f(r,X £ ,Y £ ,Z £ )dr- Z £ dB r , 

^ Js Js Js 

s G [t,T]. From Theorem I3U] we know that for any x G M n , the above FBSDE has a unique 
solution Ux% t *,Y? t *,Z?* > ), s G [t,T}\. Putting 

u £ (t, x) := Y t £ ' t>x , < t < T, x G M n , 

We can argue similarly to Proposition [23] in order to show that u £ is continuous on [0, T] x M n . 
Moreover, with the help of Theorem 5.1 [21] we can prove that u £ (t, x) is the viscosity solution 
of the following backward quasilinear second-order parabolic PDE: 

du £ 

——(s, x) + (Cu £ )(s, x, u £ (s, x), C\7u £ (s, x))*a(s, x, u £ (s, x))) 
as 

+/(s, x, u £ (s, x), (X7u £ (s, x))*a(s, x, u £ (s, x))) = V(p e (u £ (s, x)) + (Vip e (x), Vu £ (s, x)), 

(s,x) G [0,T] xl", 
u £ {T,x) =g(x), x £R n . 



Similarly to the proof of Proposition [22] (ii), taking £2 — > 0, we can prove that 
\u £ (t,x) - u{t,x)\ 2 < E sup \Y s e;t ' x - Yt x \ 2 

t<s<T 

< C(l + \x\ 3+ p°) [l + \x\ 3+ p° + V 1+2p (x)] e 5 ^, for all (t,x) G [0, T] x Domip. 



(71) 



(72) 



Here C is a constant which does not depend on (t, x) and e. 

Now we will show that u is a subsolution of PVI ([1]). From Lemma 6.1 [7] we know that 
for any point (p,q, X) G V 2,+ u(t,x), there exist sequences: 

< e n -> 0, (t n ,x n ) -)• (t,x), (p n ,q n ,X n ) G V 2 ' + u £n {t n ,x n ), 

such that 

(p n ,q n ,X n ) -> (p,g,X). 

For any n, using that (p n ,q n ,X n ) G V 2,+ u £n (t n ,x n ), we obtain 

Pn 2 'A"'"' v^td-Etu^ i.^n> 3?nJ )J\- n ) \u(t n ,X n) U [t n , X n ), q n (J[t n , X n ,U (tni X n ) ) )■> Qn) 

-f(t n ,x n ,u £n (t n ,x n ),q^a(t n ,x n ,u £n (t n ,x n ))) < -V<p £n (u £n (t n ,x n )) - (Vif) £n (x n ),q n ). 

(73) 
We can assume that u(t,x) > inf (Dorrup). Indeed, if we have u(t,x) = inf (Domip), then 
(p'_(u(t, x)) = —00, and inequality ([2]) would hold obviously. Let y G Dorrup, y < u(t, x). Since 
u £ converges to u uniformly on compacts (see (|72p ). there exists no G N s.t. y < u £n (t n ,x n ), 
n > hq. Multiplying u £n (t n ,x n ) — y with both sides of (|73|) and using 

<P(J E ,ipX) < Vs{x) < <Pe(z) + (x ~Z, V(p e (x)) < <p(z) + (x - Z, Vip e (x)), ZfK, 
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we obtain 

Pn 2 T\(J(J \Pni x ni U ™ \fn, %n))-A-n) \P\*ni %m U ™ \J"ni x n), Q.n®V"ni %n-> U n [t n , X n ))), q n ) 
J[^n,X n ,U \t n , X n ), q n 0~[t n , X n , U \tn,%n))) U \tni%n) V 

+ (^^e n (x n ),q n ) u £n {t n ,x n )-y +(p{J £n , l pU Sn (t n ,x n )) <<p(y). 

(74) 
Let us take now lim infn-j.oo in the above inequality. Recalling (fi~3l -c). Vi^ £n (x n ) G dip(J £n: ^(x n )), 
Je n ,ip( x n) —> x and J £n ,<p(u £n (t n , x n )) — > u(t,x), the lower limit in ((71]) yields 

-p— 7}Tr(aa*(t, x, u(t, x))X) — (b(t, x, u(t, x), q*o~(t, x, u(t, x))),q) 

-f(t, x, u{t, x),q*a(t, x, u(t, x))) u{t, x) - y 

+dtjj*(x,q) u(t,x)-y + <p(u(t,x)) < <p(y). 

Then 

— p — 7}Tr(aa*(t, x, u(t, x))X) — (b(t, x, u(t, x), q*a(t, x, u(t, x))),q) 

-f(t, x, u(t, x),q*a(t, x, u(t, x))) < - y( ^gjl^ (y) - d^{x, ?). for a11 V < «(<> *), 

and taking the limit y — > u(t,x) yields ((2]). Therefore u is a viscosity subsolution of PVI ([T]). 
Similarly, we prove that u is a viscosity supersolution of PVI ([1]). ■ 

6 Appendix 

6.1 A priori estimates for penalized FBSDEs 

In this subsection, following the ideas of [9], we give a priori estimates for the solution of the 
following penalized FBSDE: 



' ps PS PS 

X £ s + / V^ £ {X £ )dr = £+ / b(r,X £ ,Y £ ,Z £ )dr + / a(r,X £ ,Y £ , Z £ )dB r , 
Jt Jt Jt 



(75) 



Y £ + f V^ £ {Y £ )dr = g(X £ T )+ f f{r,X £ ,Y £ ,Z £ )dr- f Z £ .dB r , s G [t,T], 

< Js Js Js 

where t G [0, T), £ G -L 2 (fi, J^, P; M n ) and the coefficients are supposed to satisfy (Hi) — (i?s). 

Lemma 28 Assume (Hi)-(H§) hold. Suppose that (X 5 '*^, Y E '*>&, Z E,t, &) is i/te solution of 
FBSDE (75p wi/j f = {j£ L 2 (fi, Ji,P;R n ) /or fcotfi i = 1,2. Lei us pui | = 6 - f 2 , 

X £ = X 6 ^ 1 - X 6 ^, Y £ = Y £ ^ - Y £ '^ 2 and Z £ = Z £ ^ 1 - Z £ ' l &. Then, for arbitrary 
AgR and arbitrary positive constants C\,Ci,C^,C^, we have 



e- XT E\X^ + \i\\X e \\M x [t,T\ ^ e~ Xt E\i\ 2 + K(d + K)\\Y £ \\\ h[m 



+{KC 2 + kl)\\Z £ " 2 



(76) 



M x [t,T]- 
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Furthermore, if in addition KC\ = 1 — a for some < a < 1, then 

r e\\2 ^ T3(\ rr -A i,2„— AT TTii v-e |2 , vri_ || v-e||2 



\Y E \\ii xm <B(\ 2 ,T-t) k'e^ 1 E\X £ T \ 2 + KC 3 \\X"\\ 2 Mx[m , (77) 



~ 2 ^ A(X 2 ,T-t) 

l Z IU/ A [i,T] s 



<\ 



k 2 2 e- XT E\X" T \ 2 + KC 3 \\X £ \\ 2 Mx[tyT] \ . (78) 

Here Ai == A - A"(2 + Cf 1 + C7 1 ) - if 2 and A 2 = -A - 2 7 - A^Cg" 1 + C7" 1 ). EecaZZ tfiai A 

and B are defined in {72|) as yl(A, s) = e~( AA0 ) s and B(X,s) = / e~ Xr dr . 

Jo 

Proof. We apply It6's formula to ( e -> e -A'(«-r) l^e |2\ &nd f -Ar -A'(r-«) lye |2\ 

Thanks to the convexity of tp and ip, we have (xi — x 2 , Vil) £ {x\) — Vip e (x 2 )) > and (y\ — 
y2iV(p e (yi) — Vip £ {y 2 )) > 0, which allow us to repeat the argument of Lemma 5.1 [9] to 
obtain our result. ■ 

We recall that we have introduced the notations b°(s) := &(•, s, 0, 0, 0), cr°(s) := a(-, s, 0, 0, 0), 
f°(s) :=/(•, s, 0,0,0), g° := g(-,0). 



Proposition 29 Let the assumptions (H\)-{H§) be satisfied. We also assume (CI) and 

1-0 

K 



either (C2) or (C3) /10/d /or some A, a, Ci,C 2 ,Cs, and C4 = K^-- Then for t G [0,T] and 



£ € L 2 (Q, J-(,P;]R n ), i/jere exists a constant C independent of e and the initial data (£,£), 
suc/i i/iai 

II yE,t,{ 1 1 2 1 ||-w-e,t,£||2 . 11 y£,t,^\\2 <^ CV I7Q\ 

II A Ws x [t,T] + \\ Y Ws x [t,T] + ll Z Hm a [4,T] S Cli, (/yj 

w/iere 

P — c - Ai Pltl 2 _i_ IIA°II 2 _, 11^.0 1|2 1 I|f0||2 1 P i 0|2 

1 1 - e £,|f | + \\b \\ Mx [t,T\ + IF \\M x [t,T} + 11/ Hm a [£,t] + h W I • 
Moreover, if among the compatibility conditions, only (CI) holds, then there exists a constant 
Tq > small enough (depending only on K, 7, k\ , fc 2 ^ such that for all t € [0, T] with T—t < T$, 
we have the above estimates. 

Proof. Similarly to Lemma 5.2 [9], using A{X,T - t) < A(X,T), B{X,T - t) < B{X,T), 
{xi- x 2 ,Vtp £ {xi) -Vip £ {x 2 )) > and (yi -y 2 , Vtp e (yi) - V^ e (y 2 )) > 0, we get, for arbitrary 
A € M, 5 > and positive constants C\, C 2 , C3, C4 

e-^|X^p + Af ||X^||^ [tiT] < K[d + K(l + 5)]||F^||^ [tiT] 

+ [AC 2 + k 2 (l + <5)]||Z^||^ [tr] + e -^|£| 2 + i||6°|| MA[i , T] + (1 + i)|k°|U A[tiT] . 

(80) 
Furthermore, if in addition, KC4 = 1 — a, for some < a < 1, then 

||Ve,*i£l|2 <r RfX<5 t\I k 2 (-\ 4- A n Ip- at FI Y e '^l 2 _i_ KV'.JI v e >*>£ll 2 

H r Wx[tTl - i *l A 2> J .M K2l-L + 0Je A|A T I + AC 3 ||A '"»|| M r tT , 

(81) 
\M x [t,T] + (1 + jje -fc|o I j, 



jr 



Z II M A [t,T] - a i K 2l i + () J e ^l A T I -r--"-0 3 ||A s |lM A [t,T] 

(82) 

J t ,T] + (l + i)e- Ar ^°| 2 }, 



ill/°llA/ A i 
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where Af = Ai — (1 + K 2 )5 and A2 = A 2 - 5. Now we define 

M*(a, t ) ■■= K \Ci + K{1 + 6)]B(\i,T) + A{X2,T) [KC 2 + fc?(l + <$)]. 

a 

Then plugging flED and (J82j) into ([80]) yields 

(1 - /(a, T)k 2 {\ + 5))e-^E\X^\2 + ( ^ _ ^ r)^)!!* 6 '^!!^ 
< e -A^|^|2 + l\\b°\\ Mxm + (1 + l)||a°|| MA[tiT] (83) 

V(a,T){l||/°|U /A[4 , T] + (1 + i)e-^b°| 2 }. 

Observe that Af — )• Ai and fi s (a,T) — s> fi(a,T) as <5 — >• (Recall the definition of fi(a,T) 
in ([12]) ). On the other hand, due to the assumption (C2), there exists a € (Oil) s -t- 
[j,(a,T)KC3 < X\. Consequently, we can choose a sufficiently small 5 > which is inde- 
pendent of e and t, such that Xf — fi (a,T)KC 3 > 0. Then we obtain for our fixed 5 > 
from (B3|), 

II ~V £ >*>£||2 << /T' 

H^ llM A [t,T] - ui l> 

where 

(l-4)(l+/i'(q,D) 

and 

r — - A *Pltl 2 _i_ IIA°II 2 ,_ 1 1 ^^-0 1 1 2 1 MfO||2 1 p|„0|2 

1 1 - e £,|f | + \\b \\ Mx[t:T] + \\<T \\ Mx [t,T\ + 11/ \\M x [t,T} + h \9 I • 

Similarly, under the assumptions (CI) and (C3), we know that there exists a £ (kfk^, 1), 
such that n(a,T)k2 < 1 and Ai > —nz 2 -- Hence, we can choose 5 > such that 1 — 

/(a,T)]fef(l + 5) > and X{ - /j,\a,T)KC 3 > \{ - Xi/J, 6 '(a,T)k% > 0. Then from Qg3j| 
it follows 



where 



c — A'^' JTl Y e ^'i I _i_ II V £ i*iC l|2 ^ /^T 

e ii|A T I + ||A '"»|| MA[t)T] < Cli, 



r» - m nY J (i+y)(i+^(°.r)) (i+a)(i+/Aa,r)) 



Using (|5T|) and ([52"]) . the above estimates for X e > 4 '£ allows to deduce that 

II V £ i*'Sl|2 i IIV £ '*'5||2 1 || 7£,t,£||2 ^ /-rp 

ll A llM A [t,r] + ll r llM A [t,r] + ll Z HA/ A [t,T] - Ui i- 

Moreover, applying Ito's formula to \Xp | 2 and |Y^ e ' | 2 , and using (|13l -d)). the BDG and 
the Holder inequality, we obtain ||.X" e ' f '£||| , tT , + ||y e,t '^||| r tT i < CT\. 

Finally, if only (CI) holds, similar to the argument of [9], if k 2 = 0, for fixed Ci,C 2 ,C 3 
and a € (0, 1), we have fi(a,0)KC 3 = - — 2 r — - < Ai, for A big enough. Then by the 
continuity of //(a, •), we can find a To > small enough and only depending on K, 7, k±, k 2 such 
that (J,(a,T- t)KC 3 < Ai for T - t < T . If k 2 > 0, we choose a G (k 2 k%, 1), C 2 = ""^ffl 

and C4 = i^2. Then we have /i(a,0) = — ^— ^ < p and Ai > -^pr 2 -, for A big enough. 
Consequently, there exists a To > small enough (only depending on K, 7, hi, k 2 ) such that 
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/j,(a, T — t) < T2 and Ai > —rr-, for T — t < Tq. Reproducing the above argument, we obtain 

the same estimates when (CI) holds and T — t <Tq, for some To small enough. ■ 

Now we give the solvability result for FBSDE (|75p . 

Theorem 30 Let the assumptions (Hi)-(H^) be satisfied. We also assume (CI) and either 
(C2) or (C3) hold for some A, a, C±, C2, C3 and C4 = ^j^, Then the penalized FBSDE (75 ) 
has a unique adapted solution (X s , Y 6 , Z £ ) G 5^ x S^ x M^ xd . Moreover, if among the 
compatibility conditions, only (CI) holds, then there exists a constant Tq > small enough 
(depending on K, 7, k±, k 2 ) such that for all t G [0, T] with T — t < Tq, the penalized FBSDE 
fl75| ) has a unique adapted solution on [t, T] . 

Proof. We introduce a mapping A : H — > H (Recalling the definition of H = H[0,T]) such 
that X £ := A(X £ ) S {X s G H) is the unique solution of the SDE: 

X £ s + I Vi) £ (X e r )dr = i+ I b{r,X £ ,Y £ ,Z £ )dr + I a(r,X £ ,Y £ ,Z £ )dB r , 
Jt Jt Jt 

where (Y £ , Z £ ) is the unique solution of the following BSDE 

Y £ + [ V^ £ {Y £ )dr = g{X £ T ) + [ f(r,X £ .,Y £ ,Z £ )dr- f Z £ dB r . 

Js Js Js 

Given arbitrary X s , X s G H, we put AX 6 = X s - X s and AX £ = A(X £ ) - A(X £ ). The 
estimates d76])-{[78]) yield 



'^ElAX^ + X^AX 6 ^ 



\M x [t,T] 

< {i{a,T- t) ikle~ XT E\AX f t\ 2 + KC 3 \\AX £ \\\ h%T \ . 



(84) 



With a similar discussion as in Theorem 3.1 [9] we can prove A is a contracting mapping on 
(M 2 [t,T], || • ||M A [i,T])> if (CI) and (C2) hold, and A is a contracting mapping on (H[t,T], || ■ 
IU,/3,[i,T])> if (CI) and (C3) hold. Moreover, if only (CI) holds and /C2 = (resp. &2 > 0), A is 
a contracting mapping on (M 2 [t,T], \\ ■ \\M x [t,T\) (resp. (H[t,T], \\ ■ \\x^,[t,T])), for all t G [0,T] 
with T — t < To, To > small enough. ■ 

Similar to the proof Theorem A. 5 [10j , using (x\ — X2,Vip £ (xi) — Vtp £ (x2)) > and 
(yi — V2-, V<^ e (yi) — Vip £ (y2)) > 0, we have the following proposition: 



Proposition 31 Suppose (X £ ,Y £ ,Z £ ) (resp. (X £ ,Y £ ,Z £ )) is a solution of FBSDE (73p 
with parameters (£, b, a, /, g) (resp. (£, b, a, /, g) ) which satisfy (Hi)-(Hs) and {H' 2 ), (H3) and 
^?eL 2 (0,J ( ,P;l n ). Let 1 <p< ^a, such that 

E{ sup \X £ s \ 2p + sup \Y £ \ 2p +( I \Z £ \ 2 ds) j><oo, 

t<s<T t<t<T 




anc 



E{ sup \X £ s \ 2p + sup \Y £ \ 2p +(( \Z £ s \ 2 ds) 

t<s<T t<s<T \Jt J 



< OO. 
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Then there exist constants SKfaaw ^ ^ an ^ ^K,k 2 ,-y,p depending only on K, k2,'j,p, such that, 
for all t G [0, T] with T — t < SK,k 2 ,j,p! 



\Z £ S - Z £ s \ 2 ds 



E \ sup \X £ - X £ s \ 2 p + sup \Y £ - Y £ \ 2 'P + ( [ 

I t<s<T t<s<T \Jt 

< C km ^ p e\ \i - C\ 2p +\~g- g\ 2p {X £ T ) +(J \a- a\ 2 (s, X £ s , Y £ )ds) (85) 

+ y\\b-b\ + \f - f\)(s,X £ s ,Y £ ,Z £ s )ds^ P \. 



6.2 Auxiliary Propositions 

In this section, for the reader's convenience, we give two auxiliary propositions (see |20|). 
Proposition 32 (Remark 2.34 |20j ) Let Xt be an n-dimensional ltd process given by 

X t = X + I b s ds + J a s dB s , t G [0,T], 
Jo Jo 

where b,a satisfies E { / |6 s |oLs + / | cr s | 2 cZs I < oo. Assume h G C 1 (M n ;R) and that there 
exists a constant M such that 

\V x h(x + y)-V x h(x)\<M\y\, for all x,y G M n . (86) 

Then, for all < s < t, F — a.s. 



h(X t ) < h(X s ) + ( {V x h{X r ),dX r ) + ]-! M\a r 

J s J s 



1 dr. 



Remark 33 Similarly, for r > and h G C (M n ;]R+) satisfying I186\) . we can prove that 
h 1+2r (X t ) < h 1+2r (X s ) + (1 + 2r) / h 2r (X r )(V x h(X r ),dX r ) 

J s 

+(1 + 2r)r I h 2r - 1 {X r )\V x h{X r )\ 2 \a r \ 2 dr + ^ f h 2r (X r )M\a r \ 2 dr, for all0<s<t. 

J S J S 

(87) 

Proposition 34 (Proposition 1.25, |20j) Let (X,K), (X n ,K n ), n > 1, be a sequence of 
couples of C([0, T];K )-valued random variables such that 

(i) There is p > 0, with sup-E £ K n $f 0T i< oo, 

n>l ' 

IP 

(ii) sup \Xf—Xt\+ sup \Kt — K t \ — > 0, as n — > oo. 

0<t<T 0<t<T 
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Then, for all < s < t < T, 

ft ft 

I (X?,dK?) A / (X r ,dK r ), asn^oo, 

J S J S 

and, moreover, 
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